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; :; Alzcora 2 LEARNING ACTIVITIES FACKAGE

Sey™ INEQUALITIES

;\ - BEFAVIORAL 02JECTIVES

e 1. Identify

i
A. ¥ greater than
B. » grcater than or equal to
C. 4 less than
D. % 1less than or equal to

:.[I. Usz the primary inequality theorens ;
L, Ira>)b thenat+tc>otc §
B, Ifag*b =pd ¢c >0, then as > bc l
¢. Ifa> b and c <0, then ac < be !
D,”If |alp b then a>b or a &-b (For b>0)
E. If 214D then ~D <& <b (for t> 0)
YiI. Sclve and greph the solution of an inequa2lity involvirg

A. One firsi degree vairable
3, A quadrstic expression in one varizsltle

M C. A product an2/or guctient of several binonizls 1n one variable

. ; Difin ahsolute value expression in one variable
g IV. Craph inequolitics involving two variables where the cquality gzeph is 2{n)

L. Line

B, Two intersecting lincs
C. Cizclce

D-ELLiTSe

E. Parabola

F. Byperbcls
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INEQUALTTIES

The set of real numbers is ordered; i.c. ziven two real munbcrs a and b, such —i “/\
that & # b, then 2 > b (a is greater than b), or b > a (b is greater than s,) ‘ ;
Ifa>b and b > c, then 2 > c. This property is called the transitive property
for inequalitics. ‘ E
Thie L.A.F. will concorn itself with the sclution of vaxrious types of incaqualitiecs, *
Most techniques cmployed to solve equations nay be uscd to solve incqualities. '
One nmzjor cxceptiron is that of multiplying or dividing both sldcs of an inequality ‘
by a'ncgative. i
; Excnple: 7 > 2 (7 is greater than 2) : lr
| =% & -2 (-7 1s less than -2) i
: NOTICE: Ivltiplication of both sides of an inequality by a negative - 5
;‘ rcverses the incguallty sign. !
Vocabuia.rz:_ £ less than
: “\ 4 1less than or equzl to
! > greater than
7, grcater than or cqual to
__,‘\_/\
Ini*ir)l RBesic Theorenss
1. ad>h "then asc P Do e
3, Ifa>b end c> 0, theri gcd be
b,
3, Ifa”?b gnd ¢ <0, then ac < be 4
4, Ifa > b, and b > ¢, then ad> s,
SECTION I “ PIRST DOOREE TSEOUALITIES IF ONE VARIABLE
Consider the inequality: U4x +8 > 2x + 1, To sclve the insquality proceed
as you wculd with the cquations 4x + 8 = 2x + 1.
Solutions bx + 8 2 2x +1
bx > 2x - 7 (Subtract 8 from both sidcs, Theeren 1)
2x > =7 (Subtra.ct 2x fron both sidcs, Theoren 1)
8
x> - % (Hultiply toth sides by 3. Thcorem 36)
Tho solution sot ist &xs %> - %5 . The solution set can also be written (- %,oa\
The groph of “ihe solution iss ' ' ]
< — O amrra——ra
S g =30 S8 o o ' 2 3 + *%
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Exanple 2 Solve tho incqualitye 5S¢ - 7 £ Bx + 2
Solutions 5x - 7 & 8x + 2 ‘
5x < Bx + 6
-3x £ 9
X+ Zre3

The soluticn set iss {xz L -35 . This can be written: ,'-—3 00>

The craph of the solution set 1ist
e "
2 3

wEE S o

>

The strange wey to write the solution set o &lven as an alterrate f£orm, just might

nced sone further clarificatione tudy the fcllowing exanpless
1. (3, OG) reans x > 3 :
2.[3, ~ ) means X 2 3
3. (~pe, 3) gozns x 43

b, (=00, 3] peans x4 3

N

EXERCISE 1

N1, Vritegn 1cccu..‘*t" which identif: (,‘" ec.c,h groph sketchcd balow: I

1, Sketch ¢ grarh of each of the followings

(a) (4, o) b)) x> b (e %2 5
(@) () (e)[-2) 02) (P (-on 43
3. Solve and graph each of the follcking: ;;
(a) 7x =1 s2x+b (b) Ax +33 x =7 (e) 53—-2;70
@y Z&=Llc 232 (o) S < (.2 x+z/7}x-a
() 3= < £ (n) B2 2 3 i

e
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SECTION II COMFOUYD_INEQUALITIES

This scction is much like the prcvious one with the exccption that we have two

incquality signs to worry about. Study the followi

ing #renples carcfullys

Exanple 1t 73nd the gclution set of the inequality: 5¢3x - 1£ (1
Solutions 5¢<3x -1¢€ 11
6 ‘3)( <12.
2 € x < &

The solution set is §x! 2‘x.£l+§ .

Thi§ can be written: (2, i)

The gz.aph of the solution 1s1

- &3 S, -
2] 2 2 4

The solution set is all recal numbers betwcbn 2 znd 4, including 4.

Excriplc 2% Pind the soluticn set of the incqualitys -1 = Ax+2 = 4
Solutions - ~l&=3x +2 ¢4 '
-3¢-5x €2
6 2 x> -4
The solutiorn sct is {x: <L £x ‘-é} This can be writtent (=4, o]
The graph of thé solution sct ist
g i e e R R B
Exenple 3¢ Find the solution sct of the inequalitys x + 8l ocrx -3>2

Solutions ~x+8<%4 or x~-32
>4

x4 =4 or x

2
>

The solution set isi Ex: x & =4 or x2 > 5%

“This solution set con be writtent

(o0 1) U (5,02 )

The graph of the solution sct is two rayst
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_EXTRCISE 2

1, %Writc an incquolity which jdentifics. coch graph

sketched bclowt
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2, Skctch a grorph of each of the followingt

() 2<x el , (v) \7, & Ge) %> Ocipr xnk ~2
o (Y Caid U 57 (e) L2 xglb T4 2)
3., Solve cach cf the follow*rg inequalitiest
(2) x+8<¢4 orx=-3>2 (b) lO<x+1<12
(¢) 2x =8 >6 or 3x+ 1<10 (d)-4<2-9x<5
. (e) -7¢5x -3 £12 (f) Oghx - 6 €2
({;)--1<;’--E+—7—’S <56 (h) =~ 1>2 or 2x+ 8 > 10
(1) ® =1 224 or x+2<1 (3) x+1 £3x+2K5+x
(k)2x+355x-7£~zx+8 (1) 5-x<=x+3
sE:.f.Tzo;: II1 ABSOLUTE VALUE INEQUALITIES IN ONE VLRIASLE

"ﬁis scction is nighty important. Its acthods will be used in subsequcnt scctions

of this L.A.P. as well as in your 1~tor work im mathecnatics.

Cpnsidcr the incquality fx!<~3. Both 3 and -3 axe critical nunbers for tnis

3 S :
~ nressicn., ¥hile acithcr 3 nor =3 ectually solve the inequality. these numbers

as the valuc of x 1s batween 3.a2nd -3, the

~s?rve as houndary points. As long
iqeaua]ity holds,
Grpphically the solution set 1st S A m—

Alpebmicelly the zolution set 1s {xt -3 < x x.B} or this can be writtcen: (3.3},

!
! A lcss than atsclute value incquality goencraics
a botuccn statcnent solution.

i
\
Cuauidur the incquality | x \>3

snlutlon value for x must be a nunber greater than

F',.\a:'example. ‘-10\ > 25 l‘,O\‘?B.

Here agein 3 and -3 arc critical valuds, 4
3 or less than -3.

Camica.lly the solution sct iss <= f‘b e < i Wl TS - =3

LL"obraically the solution sct is §x1 x £ -3 0or x> 3} ort (-o00 ,=3)U (3, ©° )

A egrcater than a absolute valuc incquality generates
en or statcnent solution.
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Study the follewing sangple i:roblcmsz
Exanﬁ_l_e__}_z Solve the incquality |x - ol>u
Solutiont x -84 -4 or x-82> &

x &4 or ¥ > 12
Exanpic 2: BSolve the inequalltys |2x - 3’ <5 Q\
Soluticnt -6< 2x =3 <6 8
=3 <2x <9
-‘g < x <L g

Exoriple 3t Scive the incquelityr 16x + 1 <0
‘Soiuticnt Ho velue of x satisfies this inequality. an absolute
value expression is always 2 C.
Exzrple 43 Solve the inequality:s 5 (63\' - 8&310
soluticnt | &x - 8|2 2

Sx -~ 8 €2 ""of G822
6% %€ oriifeld
XS T by x}é

3

EXERCISE 3

Solvc o ch.of the followlag 1ncq1..a11tie.=:

1.lx-7tzb. 2, (2X+ll<5 3-‘%3""’,"-'2
h 1o % - 3|20 5. |[motpea 6 S| wenisljilly
7 x+9!<5 8. le-—li;O 9.|3-11x‘>41'.
10, |25x-8l37 11, ix|<-3 12, -'x!<—3
SECTION IV QIJADPU TIC INEQUALITIES I ONE VARIAZLE

“First of all, let us consider = simple quadratic inequality such as (x + 2)2’”

. The inexpericonced would prebebly simply take the square root of both sides and

have the inequelity: x + 2 > 3, lHowever, this doos rot supply the complcte .Joluticn.
Recall the much ncglceetod theorcm from algebras For 211 x \[:- w Pye), o0

Hence the inequality under consideration would hove the solution lx+ 2128,

This incquality is in turn solved giving uss x 21 or x £ -5,
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Now, £3 usvel, tho first example was relatively simple. Ye hato to bring this up,
you will hove to get out your old complcting the squarce tcchniques!
A

~mple 21 Solvc the inequality: ,l+x2 R

Solutiont lflxz +x >

%3
Uf(x2+%‘:x+§1—)>, 3+l%'-—
War 02
(z + %) %Z

=3l 2
*c-'—%—f-—%-or x+-1§2~§;

_xé~l or X>_‘7‘

S

tudy eve ¥ Rlitie of tho etqve,  Srculd you not undorstend some step,_please seck
@Mfczc goint ¢ to the assignwent,

'EY:- JJ. E ,:
vc each of the following cuadsatic incqualiticss
1o (k= 2)°% b 2. (x+ 3215 3e fr =i e
i 2 2 2

b, (x+8)-2 1 5. x“+2x 2 4 6, x“ -6bx+9 22
‘ 5 ‘ "B 2

7. x* =4x > 10 %3;{ +3x =102 0 9, 3x“ + 6x € 9
s : iy gt 2
10,.2x“ € 213 1, {x = 8- %0 12,z  2)°C =
SECTION ¥ POLYIOUTAL TTQUATITIES I OIE VARL.ZLE

, This ‘section is great...such 2 sinple tcchnique to solve rcally complicated looking

inéq,u::».iit:.es.ﬁ\ Possibly the best woy to exnlain the method is to show-scre - exanples.,.

Thé first examplc is the inequality: (x + 2)(x - 3)(x + 4) > 0,

The critical numbers for this inequality are -2, 3, and -4, These are the numbers
for which the product cquals zcro,

For the first factor, (x +2), x= =2 causcs tho factor to equal 0, For x >72,

—a_factor 1s positive ‘_.nu for x <2, the factor is nogative. This can be shown

- s_ohically as PSS Q++d-4++++++++:!--h4-+t>
g ¢ i3 -2 ]
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For the seeormd factors {x - 3), x = 3 is the zore value, Its positjvc/negativc

e I >

crzph 1s: D T R o 0 e, . e, 0 e AR

< % 3 . 14 Cad
For the third factor, (n + 4), x = =4 iz the gcro valuc, Its positive/negaiive
graph isi gl et sl O ++++++F+F A+t

>
ol

Nouw consider the graphs together, Keep in mind that if there is an even nunber
of negtive factors the result is positive, and if there is an odd number of

negative fuctors the result is negative,

— e

(x + 2) = = e e - 0+++-+-~!»-+»‘-+-'++-4-+++-¢->
= D
| 3
[x=3) | aameie o= B Rl i o
< =5
l I 3
X ] |
(x + &) o O bR b ok
* 7
!
The —rofuct reswit oot lay == Ottt 0w ww - -Ofg st b2 4
i 200y 3
fhus $he soiunticn for (x + 2)(x = 3)(x +4) > 0 is x>% or MdyL-2

¢ = i ]
Exonnle 23 Solve the dinequelity: (x iL§X3‘§ 1) <0
! | |
Soluticnt  (x = &) (mimre =imie il ww e O 4 b+ 4 bt
' s Cof§
(x+1) = = = = = O+ ++ 4+ttt s+ttt
(x=3) qmmzm==--~ O R e e e e e e e
| F Faa

|
A regative/zcro rosult occurs for 3£x £l or x € -1, Sincc we cannot

allcw a dencminator to be zero we must reject x = 3.

Hence the solution is: JEx E4 g -t Sal

ple 3t Solve the incqualitys AL

®IiE

On first impulse, onc would be inclined to nultiply both sicdes of the

we would have to reverse the inequelity sign. A way out 1s to
> :

nultiply both sides by x™. x% 1s aluays greater than or equal to zcro.

% - In aay casc, we have to reject the zoro as o solution bccause of x

incquslity Sy x. However, x is a hidden nunber and we can't be surc

whether it is positive or negative. Should it baspesctive-of coursc,
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occurring in the denominators
. 4 2
Solutiont x4(%) > 10x

hx 2 10x= il

10x% - bx £ 0O

-! ’

Croghs - % faptehl.. v oo, - == O+ ++++++++++
"
P \

e = Sifactony o e = w i O+++++++++
A 7

| & :
5
(|

; e
For a negotive procuct and x # 0 we choose 0 < x < “E'as the soluticn.

Exanple 4: $Solve the inequaxlty: (5 - x¥2*x)3 .

Soluticn: (5 - x) saph: *+ + + e & R S

l 2
[

(2% %) prophtzim = O+ B & L0k b4 + + 4 & 4k

-2
‘ l

For a nracuct greater than or egual lo zoxo we chopse ~ =2

N
I
R

htle o PRy | 2 .
as tac sclutior,

Txample 51 Solve the incqualitys (x - h)z(x +25(=-8) 2 0

- _
Solution: Since (x - 4)° is 2lways greater than or equal to zero,
we nced orly concern oursclves with the reraining two graphs,
Sketch the graphs as in previous exzinplec, Show that ths

solvtion iss x &€ -2 »r x %2 8.

'\ER"IS 8.
Solve each of thc follewing incqualitics:

1. x2 ) 13x : oz 2 Bytew 2)° 20 e +k1_1(ﬁ =2l g
by (= Dx+ Nx -0 5. (7-x(2+x)0 6. X° + 7x° + 6x € 0




e - ¥

L

7 X o &xz + 4L 20

10. — >

xz - X - 12

13. —-15 <100
x

Co
16' 2.\ - 3X B 20

ooy

0

<0

11, (x - 9)%(2x + 13)° €0

1, x2 - 10x £ 200

i
702 4D

12, 2x° = 9x + 740

15, x°> 10x =25

SECTION VI.

For an inequclity such as
In this section we shall concern cursclves with grephing such

ordered pairs,

ipequolities cn the X

rert of the planc,

INEQUALITIES IIN T@O VARIABLES

Exenple 1, For the inmequality x + y2 U,

we fixst roph x + y = U

/‘.
\ \'

AN

The solution gropht

LRy b

x + y> U4, the sclution consists of an infinite number of

-Y plane, An inequality graph usually requires shading of

The line s2parctes the plane
into threc partss

(1) The linc itself.

" (2) To the right end chove
the line,

(3) To the lcft and belcw
the linec. :

The points on the line satisfy
the x + 7 = 4 part of the
inequality,

What about the x + y > 4 pert?

Tt will be onec side of the linc
or the othcr, Test a point on
onc side of the line such as
(0,0). :

Woticc, 0 + 0 F L4, So we
conclude that the solution cet

is thc sct of points on the other
side of thc linc,.

Should you question this, you
could vory well_check sone
points on the shadéd-side-and,
notice that they do incccd
satisfy the incquallty.
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Exznple 2¢ G the inequality: x2 Ly#H]), 1B critical cquation is x2= v+ 3
) e This grophs as & porabola.

The parchole serarates the plane into three pertst

(2) Iasidc the perabela
(3) Outcide the parabola.
Agzin, test o point which is not on the porabola, Toke, for instance

(0,0). Votice, (0,0) @ces satisfy the inequality, “Since {0,€) is
inside the perapola, we shacc the inside as the solution rcgion.

The sciuvtisn grazh ist Notes The parabdola itsclf
is dashod to indicate

/
C%;/ /C/C/ Y1 that the rarabols iz
: // // S not pexrt of the
‘ // : solution sct.
i \,‘ |
K&%/z
3cfore you begin the cxcrelscs of this scction ycu might want to tecone
reacquainted with couc generel cquaticas and their gxophs.

1, x°# y2 =4 (cizrcle) 2. X2 =y (TnLu,ola\ % yz = x (parcbolz)
4, xl + yz =% (cliipse) - By bx? - yz = 1 (hyperbolsn)
£<2 2w .
6, x° = y= {(intcrsecting lincs) T , x‘ =y V shaped curve
EXERCISE 51
Crath each of the following incqualities:
1.::2+y2(~9 Z.XZ)Y 3.9x2+y2.‘-. 81
x| €2 | vl 5, 3x+y>0 6, bix? - y*> b
7. |x]> b .8, 2+ hy’> 16 9. x> ¥
10, 2y2< x = 4 11, Iyl $2x 12, @ 4 y2>/ by
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SECTION VII EVALULTION

1, Revicw the Bohoviorel 0djectives.
2¢ T2ke the Trizl Run, (

3, Take the Test ~n this L.ALF. (

AHSWERS
Exercise 1

1, (2) x>0; (b)) x>-3; (c) x <13 (2) x <-1; (e} x> -2; ()25 2

2. (a)-—g———ﬁ: (‘D)——Q——-i- (c) atm *<— (a) ) e
(0) —@mmmmmss (1) et —

. () g€ % (B x &g (c) x3 77 (e) x<—3—: (e) x < =253
b g P g > — > e
: (£) x> <1203 (z) xzs—‘?..9: Tih) %9 T : =
(—_:%:—» i area (——_‘q—_'»
Exercisc 2
1, (2) x £ =3 cpreddi (b} x<0-cr 22 3 (¢) <3¢ xezr (d) s £ x<1
e : - c —

2 £) —g——
(g e ) e W SN

3. (2) x<-lt ox x > 53 (M) 9<¢ x <11 {c) x> 7 or x<3;
(@ -3<x< (e) - F<x &3 (£)2sxe2 (o) 3€x<l;
(h) x<-6 oxr x> 1; (i) x>»3 or x<-1; {3) -%sxﬁ% 3
p
(%) :_% £x £5; (1) no sclutiem,
Exercise 3 2
1o X 211 or x &3¢ 2., =3<x <2 3, b <€s£12; Lex27o0rx&-l
. 5. no sclution; i y‘ 5t eml7 < % <. 133 Seall &y
'«!8 1 ~ .
9, x£ =~ -i—l- or x> Ly 10, x?,% or X 555—; 11, no sclution;

22, X >3 orix £ =3,

Txcrcise 4
1, 0<€ x €44 2. x> 1o x€ -7} 3.1-J_5<x'<.1+d—5_;

L, x> —E‘Wﬁ.ﬁb-ﬁﬂé-l~+\f2\'i- ~6. x23 +\{2 ‘or x£3--J2

- ————
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A') - Fh J_']‘Lln 8 )’\'E}— ...;L- or xr( - L—Q ;l:—”
ge X>2+m OI.'X<2" -y ¢ X 12 2 12 2’
J-3£x <l 10.x>,\ﬁ:or v g By 11, x = 83
% s
12.x>-2+§-32— er< -2-\1%-
Exercisc 5 :
1.x2»130rx(—0; 2, x U 3, x & =4 or -1 € x =2 L, x€=3 or 3£ x4 7;
g 2€xS U 6, x <=5 or gL x<0; P 2ll x3 g, x < 0orx?>2;
9.—%&1(%; L, 3¢ =30 0$x<1~’f; 11.x<--‘%; 12, 1<x<%;

13, x2 ., or %< =olj 1h, =10 £ x < 203 15 x # 5i 16, x<=3 or —gdx/. by

/




i g ’ i ; 7- lq“

———ALCEERA 1L TUCUALITIES - e e PO ERESE f - TOR
b 2 TRIAL RUN i
~ I. Soiwe and Graph the solution:
10 5(1"129
2. 2-3s<11

3. -1k = 3t-2
kL. Bx*‘- <x=5"
5. =5u+5>-(13+w)
6. -6m+12< 12+6m

T. X2 x5

8, -2+1Lb<7(2b-5)~17

9, =8g-1432<11

10, -7sbb-5¢19

11, L+m<-3 or =-2+n2-~2
12, 5-2v>T or Lv>v+9

13. 11p=5p-12 ¢r 1-Lp>13
1L, loxgSxr2shx+9

II. Solve
lf*34# >2 8. x 2+lx+L<?
2. 1< L-k| 9. p*+8p>5
- [ 3x+6[ <3 10. 3x2+6x<=3
k. ‘JQES_I <f 11, -16(x+2)%-9
b. —|wl <-b 12, (x+4)(x-2)(x+7 k0
6. {ass| <-2 13. x3-5x?-1Lx20
7. (a+§)? <9 e b <« 5
x2 e g
15. x*>6x-9 16,3 1 on

3x=2
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III. Gkoph theee:

LM gt < 9 2. x3 +y*>25 3.
b, Lx® + 9,2 < 36 S, 3x + 2y <8 ‘ 6.
o 7. J\z - ya > 25 8. y< Xz 1 3
ANSIERS
b B 2, 8> -3 3.t > -k
5. w<9/42 6. m>0 Tox= /5
a/)_> <—.C)—_-§ < -es >
< =7 b %’7
12.V<:ior‘v>3 13. p<-3orp2-=2
N gy LDty

2. kx Jor k>5

IT. 1l n @ w> 5

L -29% x <19 5, w>Lorw< =k

ho X< "5
P—“_i._ﬁ—)
8. No solution

11. n< -7 orn>0
o
lho “-2/_<_Xf_7

o

3, =3<x<-=-=1

6, no solution

7.-[[5_a§_'_’; Boop e/ T<as=2 VT

9. p> b +yor orp< =L - V2T 10, X& -~

11. X5 = 1,25 or x°< =275 12 x< =T or =h<sxs2
vLB.%—if__:{i 0orx21 1k, 0<x < .25 16, x €. 2/3
. 5, A4

iII.

1.
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