ALG:a.. IT
BI.0.JAL ZXPANSION

OBJECTIVES: Lk

I. DEFINE
Ae nl'= nln-1)(n-2)ee..3-2-1 for n> 1
Ba 0! = 1! - 1 ‘ ~

C. nCr ==~ Combination

II. Be able to write a given number of lines of Pascal's
Triangle.

_III.. Given .(a # b)", be able to . 5o ‘7
. A. Finc the number of terms in the expansion.
B. Ex>and the binomial
le using the recursive method
: 2, using the explicit methed o
C. Be able to find a specific term in the expansion

I. Factorial No{ation and Combinations
A. In mathematics it is often necessary to find the product of consecutive

Rositive integers. (5-4-3.2-1 ) This is symbolized by using an
exclamation point | --< this is called factorial notation.

examples 51 = 5-4-3-2.]1 = 120
i - | '
example: 41 21 (4-3-2-1 )(2-1) = (24)(2) = 48

examples 7! 31 (765 432 3.2 i} : ='
Y MM, _ (42)(6) = 252

N

~ .

EXERCISE I FIND THE FOLLOWING PRODUCTS

1. al 2. 61
3. 91 4. 131 21
51 : 101 : .

5. 51 71 6. - 2)1 T .

8l ; 4+ 1)1 e et £ G 22
Tan QPR Y g Regkr) o S

61 |
9. 101 10, 01 41

) . | A

1. _xl 12. {5 + 1;1 e _ -
. - 2 ! _ X 1) '
13, (n+ ) 14, - x) (¥ 3)§ - T
, ni ~ (x = 2)) {x - I
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8. Facrtorial notation is used when trying to combine a certain mumbder of
elements in a set without regard to a specific order.. This combination
is symbolised by either ,C. or by (F)e To find the number of possible
combination, the following formula is used.

(ny o -
\r) = ncr = e ,,nl‘
rl (n - 1)t
examples = 1) 2 5.4.3. -
..562,- 2t (s-2n T TI Gy . LW
example: - 71 _ )
\3/ 7 3 (73 ) = 3%
examples C = _(n+ 1! _ + Lo
ntl n nl (n=1-=n)1 = al (1)1 = n+l
EXZRCISE II  Find the following combirations : e
et L waEh s SRS e
: 1'{1/ L s 2 (33) ’ o2
30 754 . R : 4. 8c3.
= (g , L8 185 ik
7+ 3029 | o By T T
n+2 I n+ 2 -
9. ( . 0. (n e
11 i3 - 12 '
N | T . - = o -a‘?o’ - o |
I1. Examine the following expansions and then answer the qué;tiont by

refering to the examples. .Thy methods of producing the expasgions are
not shown but can be verified'by mulfiplication.. TR, L )

- (x +y)° = ) i
x4+l o= x+ly ' -
(x 4 9)2 = b2+ Zx‘f"ﬂa’ e , )
(x +y)3 °= - A3 t}xzyi-:bcg ,*‘}-\/3 P i P e
oen)® = L%+ s o2 % G + 1y* AT



(x
(x
(x
(x
(x

B s

-v)°

- y)1
)2

B

i

-y
= )

- y)4

i

1}

EXERCISE I1

1.
2.

3.
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!
Ix - 1y
1x% - 2xy +1y?
13- 3%y + xy2 -y
14 - axdy + 6x%y? - axy? + 1y*

I. In the expansion of (x % Y)n

ey -

The number of terms of (x $ ¥)7 is - .

The coefficient of the first and last term is always o

The exponent of x in any term a?tpé the first is
than the exponent of x in the preceding term.

.~ .~c exponent.of y in any term is ; than the

exponent of y in the preceding term.
The sum of the exponents of x and y in each term 1s v

(x - y) is treated as (x + ___).

Now in trying to exoand any birmial without multiplyinq it out we need two

things.

1) a pattarn for 1ae variables and 2) a method for determining the

coe:ficients of each term. A closer examination of the exponents in the
examples will reveal that "any e¢xnansion will follow this pattern.

L

(x - y)*

1]
b

. 7 + __x6y + x5y2 = SN x4y3 + __x3y4 + __xzy? &‘__xy5“+ __y7

— 4 = ___Xay + X2y2 Xya + ___y4

]
x

To determine the coefficients there are three methods. The first of which
is called Pascal's Triangle. : -

v
- R,

OBSERVEs - Tha 1t and the

(a +b)° = 1
1 last term of each row is 1.
(3 +b) = E 3 . Each other term. Y& the sum
2 of the two terms to the
(a + b)* = 1 , right and left of it in the
(s 4+ 0)? = \/ \/ _Dracedinjg{;;on,
(a + b)4 = \/\/\ /

So to write any exvansion simply write the variable part first and then select
the coefficients from the appropriate line of Pascal's Triangle.
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EXEZZISZ IV Use Pascal's Triangle down to n = 7 to find the numeric=1 coefficier
coefficients of the following and then wirte the ex ansjon. -

1o (x+y)°

2, (a+ bié

3. (r-3)°

4, (x - 2)’

5. (x+2y)°

6. (x - ) R T

-

B. Another method of determining the numerical coefficients is the recursive
method. Here we first write thé ex>ansion and then find the coefficients
by multiplying the exponent of the precading term by the coefficient of
the pregedi term and then dividing by the number of the pregeding
term (nere we begin with the second term as the coefficient of the
first term-is one). Study the following exapmle closelye.

T a4 b)® = 1a®+ by P24 1032 223 + 1224 4 bt b

~

= 1a2 + 5% + 102762 + 10223 4 5ab? + 1b°

EXERCISE V. Expand using the recursive method

1. (a+h)? 2. (a+b)?

3. (2-¢) 4, (x - 5)° | ,
5. (- 3)° | 6o A+ an)? *

7. (x+1)° ee (5-x)3

C. The third method of determining the numerical coef icients is called
the explicit method. Here we shall utilize the combination formula
learned in Section I part B. Review that section and-then examine
the Following exampls.

(a + b)* »}.(g)a“ + (% ¢ (327 4 (3 + (Dt

z o?‘4[ 58 . 41 3 + 41 a2b2 41 b3 ‘4

'b4
11 31 28 2} 31 11 41

e L,

1a*+ aa%+6a%%+ aan?+1p° —

!
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EXERCISz VI. Ex-and using the exvlicit method.

L (x4 v)° _ | 2. (a-b)°
3. “ x # 2y)° gy« fx =32
5. (2x + 5)° 6. (x-9)%

II1I, Finding the s-ecific term

We can use the ex>licit method of determining the coefficients when
trying to find a soecific term in an expansion without expanding the
binomial. The followin; formula gives us a means of finding any

- w=.s —ssecific term. ; b %

WERE
exanmple Find the 7th term of (x + y)lo.
- 10
; 10~-6 6 - 10}
\6)x Y = . "El a0 x4y6 = 210 x4y6

FHENRHRHENOTEST  r = 1 less than the term you are looking for
n is the power of the expansion :
y; the sum qf the powers on x and Y equals n

example: Find the 4th term of (x = 2y)9.

S M N (Y 3
\ 3 = “Eer x -2y

LN
$.7 51
PEHL o (o

(84) (x6) (-8y?)

-672_x6y3

i

]

I

SXERCISE VII, Find the following specific terms

1. (x + y)6; 3rd term 8, (x + y)g;-Sth term

2. (x + y)8; 6th term 9. C& - y)6; 4 th term

3. (x + y)9; 4th term 10, (x - 2y)7; 6 th term
= v :

4. (x- y)'5 5th tem

5. (x ~ 2y)6; 4th term
6 N NOW ON TO THE TRIAL RUN INERRSNNY]
6. (x+y); 4th term

Tuiilat™s y)8; 3rd term . S W

e it TINE
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EXERCISE I

1. 2L 5. 15 9. 90 13, +3n+ 2

2, 720 6. 6 10. 2L L., x

3’ 3)021‘ 7- léd llo xz - X A - 2

L., 343 8. 360 2. x* #.% -

EXERCISE I1I '

1. L k. S6 7. 30 0. (n+ 22(n * 3)(n)
3. 35 6. 220 . 9, (n+2)n+1) 1. no aolution
~s 2 12, 1
EXERCISE III = B

1. n+1 5 n

2. ons 6. (-y)
3. one less .
L. one more ' . -
EXERCISE IV

; ‘x°+51‘y¢10x3y'+10x ¢5xy + y®

2. a%+ 6a%d + 155"!)2 + 20a%® + 15a%* + 6ab® + b®
¥ -5rs+1Qr ;10r23+5ra L

be ®7 - x® + 8lx® - 280x* + 560x? - 672x3 + hhﬁx - 128
5. x* + 8x%y + 2Lx®y? + 32xy® +16y°

6. x* - 3x3y + BxyA -y

EXZRCISE V

1. a? + 2ab + b3 T

La3 + 6a%b? hab’ + b

80c + 80c? - LOc? + 10c* - ¢®

+

2. a*

t

3. 32
b x* - 15x* + 75x - 125

5. 16x% - 96x® + 216x% - 216x + 81

6. r%+ 16r%s + 96r2s? + 256rs? « 2568*
Ts x°+5;c+10x3+10x’*5x01

8, 126 - 753: + 15x2 - 13



Answers con’t

EXERCISE VI

l

2.

-

3.
L.

%
R+ 6x5 + 15x%? + 20x3° + 1529y + 6xy® + ¥°
a® - 5a%* + 10a%? - 10a%° + .Sab‘_ - b8

2
x> + bxy + 12xyp + 8y?

x% - 12x3 + 5Lx? - 108x + 81

5. 16x* + 160x® + 600x® + 1000x + 625

6.

x® - 6xBy + 15x%? - 2033 + 15x%yt .- 6xy® + y®

EXERCISE VII

ds

15x4y?
S6xy®
8lx 8y
35x3y*
~160x7y>

6.
7.
8.
9.

10.

20x%y°
28x %2
izéx‘y‘
-20x3y?
-672x3%y®



D 8

TRIAL 3UN 21.-o.IAL SXPANSICN ALGE3RA 11

- 1. 3L.LIFY

1. 5! ‘ o 2D O
3. % (41) | 4. 314
5. 101 | 60 _xI
81 (x ~ 2)1!
7. x + 1)! ' 8. x1 (x < 3)!

et

.1I, SIMPLIFY

(g) 2. (;) R 3. gls
kr'l :; 1 S. (2)0) | & 6. 15C10
et @) (2)

-

III. Use Pascal's Triangle to expand (a + b) .

IV. Expand each of the following using the !'tarsive method.
(a + 5)

(3a - 3b)°

1. (a+b)? 3.
6
2- (2 = X) . 4.
V.. Expand each of the following using the Explicit method.

(waj)

(3r + 2s)

1. (a+b)° Dy
2y (4« &)° a,

' VI. Find the specific term in the expansion of each of the following binomialss
1. 5th, (a + b)i° 3. 8th, (a + )8 ST e
2. ath, (r - 2s)’ 4. 5th, (2a - b)? '

« VIT. Write the first seven rows of Pascal's Triangle.

r



TRIAL RUN ANS /ERS BINOGMIAL EXPANSION

I. 1. 120
2. 1
3 12
4, 144
5. 90
6. x(x = 1)
7. x(x + 1)
8, X
x = 2

II.

1.
2.
3.
4.
5.
6.
7.

8.
9.

6
1
56
n+1
1
3,003
(n + 2)(n + 1)(n)

6

0
no solution

1. a® 4+ 62% + 152%2 + 20a%3 + 15a2% + 6ab> + b6

Iv. 1. a4 + 423 + 6a2b2 + 4ab3 +

b‘

2. 64 - 192x + 240x° - 160x3 + 60x% - 12x3 + x©

+ (5)

3. a%+ 43a7 + 28a6(5)2 + 56a5(5)3 + 70a%(5)* + 56a3(5)> + 28a2(5)% + pa(s)’

4, (22)° - 5(2a)%(3p) + 10(22)3(3b)2 - 10(2a)2(3b)3 + 5(2a)(3b)* - (3b)°

Vo 1. a° + 5% + 10a%2 + 103203 + 5ap? + b3
2, 256 - 256s + 9682 - 1653 + ¢4

3. x7 - 9xBy + 36x7y2 - gaxby3

+ 9xy8 - y9

+ 126x%y?

- 126x4y5 + 84x3y6 - 36x2y7

4. (ar)® + a(ar)3(2s) + 6(3r)2(25)2 + 4(ar)(2s)3 + (25)%

vi. 1. 210a6p? 3. 8a(ab)’

2. -280r%° a. 126(2a)%°

VII.
' 1
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