: ;Analys$"'Analy*ic Georetry CIRCLE L.A.P.

. i“."“,' A circle is a happy thlnﬂ to be--
SN ’ Think how the joyful perpefdicular

N Erected at the kiss of tangency

llust meet ny centrsl point, my avetar.

And lovely as I an, yet only three points

‘Are needed to determine ne., Caristopher Horley

FEHAVIOR.IE ORISOTIVES

I. Given the equatilon of a circle

: k. Determins the center of the circle
r B, Determine the length of ihe.radius
C. Grarh the circlc : : . 3
D. Deternine the area of the gizels. v~ A ) . e o
: E. Determine thb ciécumference of the circleT : Ty Lo

g IT. For a given circle find oo _ ' . R . C

L. The slope of ihe tangent to the circle at a =iven poirt on the circiﬁ’

B, ‘The eguation of the tanzent to the circle at a ziven p01nt on ihec c1rcl€,
: . C. The slope of tht norsel of 2 circle to a Fiven point-on the-cirelg i
i D, r"’hc‘Pcp.a"io*x“'cf'1:he normel of: a- ClIClC to.a giveﬁ point on the c_rcle.'f'% 15"

| IE“.:CiVCn thres noraco_linc_r po*nts find the equ;tion of the Ci“CAL th
i dCuEIﬁlDL.- % g

IV, Given %he'ﬁbarﬁiaziés_of the centetr and the 1é,gih.bf-ﬁhe';aéius

: Ad,Grafh the circle

i 3, Urite the 2quztion of the circle

- V. Given the cenier and one poimt on the circle dcternjpe the equailon 01 vbc

| cirele, ' "

YI, Prove elenmentzry planc geometry ibcorems for clrecles uaidg coord¢nato
geconctry metholds ' s '

" VII, Define ’ -

A, Cirele g

B. Radius of_a eircie"

VIIT. Describe hou.a plane must interscct a r;Lht c1rcula* double«naﬁped cone
s0 tnat tke 1:t;r~5ﬂilon will e & circle,

) SECTIOH;; CIPC] ES
Definition: A ci:clo.is the locvs of poinuc P whieh arce at 2 Tixed distence. freom-

a fixcé.point callcd the center. The fixed diatsnce is ‘the radlus,

g%
The' ciroLn*cIcnce of 2 circlc is 7ﬂT units.,

- P
The arca of a circle is 7~ savare.units.
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The intcrsection of & §1anc merpendicular to
the axis of 2 right circular couble-napped
and the cone is 2 circle.

Consider the circlﬂ on the coordinate pl:nc. For any point (x,y) cm the circle,
the distence to the center of ihe circle is constant, This distarnce is callec
the redius. Fence we can use the dietance formulz to derive the cquation: of
the eircle, ; e - ’ )

JETE G e e
(x-h)?+ (y-x)2=x%"

&h, yes, “the above is the CQLatﬁon of- tne
- glrclc with center {h , k) and radius r,

S
e

It a circlc quatlon is {4vep in the form Lx = h)z : ?) = I i As 81nD19 ..

to Plck out ¢h, L) as the center. 2nd T as the r=dilus.. n‘CﬁICIC couaticn nay nov
always e in thls in-ormation&l forﬂ. Sometinea it is in standa:n fo*m'-

2 2
x4+ ¥+ Cx + Dy + E = O Tn this cese it is necessa*y'to ccrvletc the SCUZIE-
for the.x:znd thc ¥ zroups te get the cceuaticn in the infermationzl form It iu

then"thet cne can reed .off the genter coordinates.and the redius length,.
Soampier 162 + 1642 - 16x + By = b

16x7 - 1éx RPN By =&

1662 ~x ) + 16055 + ) = B

lé(x - FE)+ 16(y + iy '+ —Z“) =0+ h + 1

= 16(3(-_ = 2)2 + 16()’ + »)2 =9

(= - 9?7 T<y+.,>°’-’ =

~om the Tinal lino we detercine thet the center of the circle is (3.-%) 2ne
e redivs-of the- circle-is B/L _

ERCISE I GETTIZC ACQUATFT:D “ITH THE CIRCLE

Urite the equation of cach of the following circles:
(a) Centcr (4,3) end radlius 5, (b) center (~2}£) and diametééﬁg.

(c} Cenicr the midnoint cf thc scrment with QﬂﬂpOlﬂtq 2910) and (4?18);
.. end 2lanecter 16 - i ) : I S

o
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) Dianeter with cndpoints (0,0) 2nd (16,20},

' Center” (?;6) -anct. the circle contains the point (2 ).
Center (4,5) 2nd is tangent to the line y = x.
Center (-1,3) end tangent to the line 3x + 4y = 0,

(h) Center is the intersection of the lines 3x + by = 26 2nd 5x - ¥y = 5;
the rzdius is 4,

(1) Concentric with the circle (x - 3)2 + (y - 9)2 = 5 and hes 2 redius 7,
{3) Tangent to'i’uc'liﬁne's x = _7' and ¥y = 3 2nd has a ‘r'aciius of 2. (& solut tions,’)

(k) Hes for d_iamctez: the portior' of 2x -y+1=01ylng m the second
quadrant,

(1) 1s tangent to Toth axes and hes its center at (4 k).,
{m)-ls ttngent to both exes 1d has a ThAeius of 12. ¢ splutionse)
{n) Center at (&,5) zn2 circunsgrcnce 121, ‘ Fe

(0) Geriter at (azgj) end eren 1%, (p) Centor.(0,0) and- contains the- péint
_ A - {5,12).
2, Find the centcr zné zadiuS'of eacﬁ of the’foilOWing circléés
TR 2 ' - : 2
(@) (x-2)%+ (y - 3)% = 25 ®) x+NP+ (y-6%=7
(&) (x-3)2+y%-20y+z25=9 () (x- 62+ - & =50
(@) =" +tx+ y% 420y =7 (D) 2P+ ox+iP 4 br=0
2 ' Z & - ’
(8) bx“ +8x + by“ + 16y + 8 =1 (h) 5 = -5y - 20y + 2
(1) x* = 9'- yz | (5) %% + ¥ - 10x - 20y =0
SEGTTON 2 AYD FOVELY AS I iH; YBT OFLY THREZ FOINTS

&ans 'ZEDED O ELHJRFI““ H“

Ihe stendax? circle equgtion s x" +y + Cx + Dy + E'= 0,
‘Note, in ihe a%ovc OqU“LiOP the - constgntQ’C,Dg ‘end E a2xre necded to fix ihb cwﬁc?es
IT we are Ziven -three points- (xgj, we can crcate throe eguotions ﬁvtb three un-
‘knowns a2n2 solve the uys»cm to determine ¢,D, and B, = -

Exarplet Given the threc nor—col“incbr polnts (5,4) (2,2) and (-3,0) write the
- eqnation of the circlc containing thex,

Firsticrcatc the thrce cquationsx
25+15+ 5C+ 4D +E = 0O (1)
9 + L}+3C+2D+E=O (2)
S+ 0+ -3c+0+E=0 (3)

[T



e = B

The:cquations on =ts 3 cen:be sinplificd to

. 5C+4D+E=- L1
3+2D+E-=_ 13

Solve the above systern to determine C,D, and E.
You should find this results C = 6, D = -20, and B = ©
Hence, thc circle equation iss x2 + y‘ + &x - 20y + 9 é;Qa

If three. points are collinca* they d6 not detérmine a circle.
Since tnrcc olnts deteormine a circle 1t followe that eny triangle can be
inscrided in 2 circle. ‘

tecall from geometry that if = right triangle is inscribed in a circlc it is
inscribed in 2 eemi=circle znd -the hypotenuse is the dismeter of the circleg

olving ~ sysztem of thrce equatlonSmin throe unknowns can be *aﬁgb. Aﬁ tiaes A
he solvtion can be found 4n other weys. Do not fﬁrbct <To use your 1”"~ina»101
nd try for quick solutiomns.

YERCISE .2 , o )

» From Protter page 97. Find ‘the cqtations of the circles thrﬁugh_the'givén,
points: ' : ’

(=) (-5,2), {-3,%), L2 (v) (—3,1);V(f2,2)p (6,-2)

. ~

a) (1,-1),(0,1), (~3,-2)

-

(e} (7,-2), (3,-%), (0,3)

. Find thc eonter 2nd rodius of the circle vwhich contains cach of the . fellcwing:
=12 of polotsy ' ' ‘

L‘E} ("-1;0), (2,@15 ("1)"&) . (b) ('21"1)9 :(7-2‘,4_"-'1- » (5!0)
Find the equoticn of the circle circumscribed about the Tight triangle
wiih endpcints of the hypotenuse : , she K

(2) (2,8) ana-(g,20) . (). (0,0) enc (14,2)

Find ‘the equaticn of the circle circusiscribed about the irizngle

(2) Forned by ihe intezs cction of theé lines x -y = 4, x + 2y = 10, end
' BA + y = 0, " . - ~

(b) The X-axis, thc Y-axis and the line 5x - 3y. = 8.

(c} The lincs x = ¥; x = =y andyx'= 6,
Vg
(a) The lincs X-exis, y = x and the line x = 10,

(e) The lines x = 8, y = 10 and the 1linc 3x + Ly = 10

i

fie



g WEits thp chftfon ‘of ‘the circlo circunscribed around the tropczold with
vertices {0,0), (2,%), (&4,6) and (6,0).

6. Find the 'ecimiations o'f the two-circles which are tangent to the circlc

x° + y2 = 169, contzin the point (5,12), =2nd have a re<ius of 5. (Hint,

set up pairs of similer triengles and use propor‘tion.)

—~— S ——— e -
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SECTIOX i1, TﬁNGEﬁTS 113D HOMHALS

z.t any,. point on a circle 2 tancert nzy be drewn, The ‘tz-_ngc nt is perpencdiculer t0
<he 2\ws v o the noint ?f lanceney, The linc contain®ng the rmdius is

zalisi T2 noawel to thet npolms. Ve
//4; normel

| R y '.f»a_ngmt
Do //’ NE
. _ '\>;7 g
vl ' ) -
For the circlie: (x - 2)2 + (y—+;j)2 =y ‘Consider the point (0,-5) on the

circle,

The slore cof the ncrr.l 1u 1

The equbtlon of the normel is-

o

y=x-5.

The slope of the tengent is =1,

The equetion of the tengent 1is

¥ i Oé

::im a point T outsidc 2 circle two tangéﬁté"cahfbéxéiéﬁh %o tBo circle.
Since: CQ =:CR, =2nd CF-= CF, and both
triorngles are Fizht triangles, 3t
;ollows tha EQ TR, In 5ther worts,

the telgpnt sesments are congruert.

It can casily be shown using thc

Fythazorcan thecren thats

02 = cr? - cg?

7 the foi7.ulns cxorciscs you will e esked to work problens deallng with
2nEtnis, normels, ond the lonrsth of ithe tangent Vbcncnp_ Ze suro thot you
ndoerstand the ccnte“t:'voucbaj vpon ubOVCo o
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EXERCISE 3

1, For cach of the followingz find the ecquations of the lincs tangent to the
given clrcle aznd normal to the glven eirclc a2t the point P on the circles
(2) x% + yz +2x = by =0; Fs (1,3)

(®) (x - 5% +.(y - 2)% = 25, Pi{0,1)
(c) X2 + y2 +2x =19 =0; P (-3,4)
(@) x° + 3-2 +8x + 2y + 16.= 0; Py (-4,22)°"

2. Fiud the Jzngth of the tangont scement from
(2} point (3,7) tc the circlg x2 + y2 =7

(b) poirt (2,9) to ths circle x2 + y2 = 2

(c) point_(é,l) to the ‘clrtlc i7?+ yé = 37,
(2) peiat (3,-1) to the circle x° +¥° = &,
(o) point (10,1) to the circle x2 + y2 - 6x - By = (, _
o Find the egustions of the tancents to x2 + y2 = 36 froa the point (0,12),
What is the measurc of the zngle beiween the iwo tongents? : _
2, .2

» Fird the. equation of the two horizontel tengents to the circle X7 + ¥y = 25=_
hed 5 = . > W Y o - 0o gl % - 2 » 2 By
o Find the cqustlons of the iuo verticerl tsnrsents to” the circle x° + .y = 49,

« Two tengents ere drewn to the ciicle X% + (y - 5)2 = 36 from the point (8,10},

What is the neasure of the angle betweén the two tansents? (%) What is the
leng®k oF Wt izn-cnt segment? ¥hat 1s the erea of the circle? ¥hat is the
Circumperence Gf the circle? '

, Find thc ezrez 2nd circumfercnce for sach cirele in #2.

'STION T¥, A DEEFEA 1OOK AT CTRCLES ' N

<1 of the problems in the provieus scctions were of the "numder crunching”
7. 1In this section ire shall co scme more of that plus do some gemeralizing,

T exapple, suppose we would went to wriite thce cquetion of 211 circles with
nter (5.3).

lutiomt ( “

- 5)2 + (v - 3)2 = r" forr> O,

»

W a2bout the equ:iio: of 211 clrcles with center on the linc x = ¥,

lutions (x - h)z + {y - b)z = £° for = > O.

ptioncl for Anzlytic Geomctry students.,

".Mmmﬂmm



sz your hend -vt ‘,hc fﬁdowingx
¥ m:nnzsv L

1. Yrite the eguntion for the fzmily of circles which
(2) Ii= in the first quadrent and are tangent to the X and Y exes.

(b) Arc toncent to the Y-axis and the line x = 6,

() ire tengcnt to the X-exils and the line y = 10,

(2) Are concentric with the circle (x - 3)2 + y° = 25,

(c) fze 2icrmzlly tangert to the circle x© + y2 = L znd have a redius 7.

2. ¥rite the ccunticn of the se‘t of points which are the ccnm,r“ of ail circles:
wnich contzin the pcints (%,5) and . (3,2).

3, Hrite ‘he cauvation of the Ect of *cints'vhlrb contain the centers of 211
circles extor:,llj tensent to the circle x2 + yz 9 and have a2 Tadins of 5

L, Use coordinate ”tonct‘r“y to prove esch of “the following
(2) a=z znIie lhsc*lﬁ»d in o seni-¢ircle is a right zngle.
(b) A rﬂcius iiyak yv 1 perﬂbrcictl;r 10 a chord of a circle Dlsccts the chord,
(c) The Derhgroiculbr biscctor of & chord ef a2 circle contains the center
of the cixcle. o
5. Find the eqUﬂb_on e the-circle which
\a} Conteins the peint \j,=2 has center on 2X - ¥ %—2:= O, :n& has & r=dins 5,
(b) Has = rrdius 2, conteins the point (3,4) and is.taﬁgent to thc circle

xz + 3 Z = 25

e

Shede arces of the X-Y plane thet represent the groths of the fOlth'n 4
(a)x+2£16 W LR e160 y=x

(p)x +_y2416ﬂx-y‘-0 ﬂx+y>lr ' . AN, o ._

SEQTION V. o EVALUATION

1, Revicw the 3ehoviosnl 031cctiv s of the L.a.F.

2. Review the worlr of the L.A.F. | ’
3. Tzike the Triz) Rue.

I

» Tcke the test.

Feth Analrsis stuedents poy toke o drizf oxal test on thu major concopts of this
L.ALP. erd proscat o yoper on some circle tepic,

Zere suzpectionzr 1, The mconetry of the shpere. 2. The nvnbcr 7.

3. The bist*r%cul ucvclovpcnt cf the fomules foxr arce 2nl clrcunfcrenco of a
gircle, ' ‘



ﬁ:zd'orfLassl

_]4 L)2-+ (r - 3)° =

: C) (x-3)%+ (v - ll*)z = éf%
(e) x = 7)% + (y - 8)2 = 29
() (x+1)°+ (v - 3)2 = 81/25
1) (x-3)%+ (v - 9)2 = 19
() (x+ %+ (y - 12 = 556
U)u-uﬁ+(y-w2=m
(m) (-2 ’)” +(y + '12)% = 1wy

(x + 12) + (y + 12)2 = 184

(0) (x+2)2+ (y-32=16

2. (2) (£,3); 5

(c) (-3,-5); & . (;) not =z

(1) (0,05; 3

ereise 2
_———

. (2) x_2'+y2+1;x-2v-5=o

(3) (-3,6); §7

circle;

(3 (5,10); fizs

() (c+ 2)% + (v - 5)% = 16

@)&—SF#(y—Mﬁ=l”

@) (x - 2)% 4+ (y -5)2 =

(m<x-a2+@ iﬁ=1s

u)u-r)+(y-52=u
(A-ﬂ +{y -5)2=0
(x -9.)% +(y-1)% =14
(x - 9) + {r “,F}Z =4

h)&—@)*(y-ﬁz‘%
2

() x + ¥© = 149

(&) :(3,5):. 3
(e} (-1,-2);

5

(5 x% + ¥° — 2x + by - 50 %= 0

{C) 17X2 + 17y - 14»x - 10y - lZJ = 0 (u) sz + Bj + T+ 5J -8 =

2 (=) (3,-2): 2
bo (x = )% & (y - )2 = 15

2
- (=) x* + Y ioxwhy - 20 =0

(e) (x - 6)% + y2 = 36
) (xF )Py - 7%2=@§

" 3x5 4 3yR - 18x - 4y = 0

« {x - 22)2 + { glé)z

13 \J - 13 »B 25;

(b) (0,10); VAZ%

) (x - 7)2 + (y -1)% = 50

<w<x-%2+< %>=~

(ﬁ) (= - 5)2 + (.f -. 5}”'

Shly
225

f7<y-§ 525

{ﬂ} (6:3); |



—nswers Exc*‘ruoo 3

'l (a) Try=-2x+,/, Hr 2y = x+ 5 (B) Ts x=0; Miy=1
(c) Tv 2y = x + 11 \*zyn--zx-z (@) Ty -=2; Ni_ =4

2. (a) J5, () 4¥10; . (c) 0, (6,1) is on the circle.

(8) no tengent scmment, (1,-1) is in the interior of the circle. (e)+33.

3. 6° B, v =g 5 55 x=+7. 6 (a) 7% (3 V5 (<) 36m
3 5 e , ' @ 12+
7. (2) 7m; 2 \,F?"!T; (b) 2 22 m (¢) 37m, 237 5
(3) Bm; by - {e) 25m, 10m ’
Exercisc &b - . SR
1L (2) (x-h)2+(y h)? =n® forh> o0
®) -3+ 5-w)2 =9 (c) (x = n)? +& - 5)% = 25

{d).(».=3)2+v2==22forr>0_n6 3%5
() (x-h)z-i-(y—-k) =59 for h° + k¥ = g1

20 3y il 30 %2 P yP = B

Y - - H.;, . c . - h-{——}‘. : o
-Show slore of LB ° slope of CB = -2
2, a2 2
Foter a7 + b~ =

? ”C): e © Show (0,, O) is on .'_"‘;hve peljpepéiclﬂ.z*r Misector of ABe
| : . (2“‘) Zb)

< s ; ' ' 1. i XA larr, i’:}
500 w4 (y - ) e 25 et (x+ 2)P 4 (v + 2)%- 25 C

A , R % Gr,00

. 242 oo 28v2 _ S92 e AR, '

M) -+ (7 - =2 -2+ (@ 2= K/‘/

6. (2) ‘l.}(o,_;)

£ f‘*},o)
e \
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,Isﬁﬁg:nfhzc CEGIETRY CIRCLES TRIAL RUE

.,_' ings Teial 2 Zun, Onc of our probleans scems to be lack of speed,
decono on cxpcrt’

1. Defincs (2) Circle (). Radius of a circle-

2. Find the center, r=ius, arca, and circumfercnce of _each of the following
circless :
2 2 -
(&) (x -3)+ (y + 2)° =16 (b) xX“+ 3" -10x +2y+22=0 X

(c) :cz + yz - 25=0

3. For the circie (x - e + (y - 5)% = 25 find
(2) The cquation of the nemmal to the circle at (4,9).
(b) The yQLaticn of the tengent to the circle at (6,9).
(c) The length of the tangent somment from the point (12 12) to the circl’é;
(t’.)'lne neasure ci the angle belﬁeen the two tangents from (22, 12) to the ci:::l::». :

If (7;3) is the center of 2 circlc e2nd (0, O) is on ibe c1rcl\_, the’ ch,_ tiom of .
the circle is : >

-
)

5. ¥hat is the sgveticn of = circic which iz concentrie with the circle whose -
equation is (x - l})z + (y +A3)2 = 20 and hes o ra”ins of 27

6. What is the cquoticn of & eirclé which is tengent to the X and ¥ cxes an’d‘_-hé,s_
its center at (-3,3)7 ' '

7 %rit§ the equeticn of the circle which contains the points (z,fl) (—3 0),
1,4 _

5, Fing the equation of the circle which is circumscribed around & trizngle for’“
by the lines x = 0, y = 0, and y = -3x + 6.

o~

3, Find tho equaticn of the circle with center (4,8) cnd tengent to 5x + 12y = &,

» Find the equation cfi-the circ}_é whosc disncter is the segmeni from (%,2) to

(8 10)‘ s L E i

Vﬂie the egtisticx cf ihe circle which is T,:m"cn‘t to the 'linc 3x - by +17 =

ana .conccn«.ric vith the clixels x e y2 - Lx + 6y - 10
'» Find the lcnbugt anc.-the shortest dist_hce from ("O 7) to the circlce.

3:2'}'2—Ux-=2; -20 = 0. i

. . .

+ ¥rite the cquotions of the circles which are tonzent to the circle x7 + yz = 100

at point (£,-8) cud kove a redius 5.

. Uzitc the equaticn of the circle with center (4,6) ondt

{z) circuafercace &o - (») crca o el -83isecter 3
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iﬂy:is Stvdents | onlys
Iito the c¢qu-=tion of thc set of poirts which
| (2) Arc the zcaters of 21l circles with mmdius 5 end tongent to the circle
-82+(+3)% -0, |
(b) Arc centers of the circles which are tangent to thc limes ¥y = + 7.
{c) Are thc centers of the circles which contain the points (0,0) and (4,8),

(a) Arc the centers of the circles which are tangent to theo){-&xis
and the linc containing (0,0) with 2n inciin~tion of 60°.

A\

14 Review,very corefully, the fin~l section of the L.A.P.

le (2) the sor of.211 points in' a plorne at & given distance fron o fixed point
called the- center. T - -
(b)"the distznce from the cenjbe,z-{ of .a_circle to a2 ?oint on the circle, .
v (@) (5i-2); ks 16m Gn, (8) (5,-1); 25 B wm () (0,0)5°%; 25w lom.

By =k () By = 3x E5 (0) Y105 (o) 52C

-2y - 3)2 = s, 50 (x -8+ (y+3)%=n

=+ 32 (r o329 7.3+ 3 x -7y - 2= 0
cx-1)7 s 7 - 397 - 10 9. (x - 8%+ (v - 8)% = 2107

- -0+ (y- 02 =20 1. (x - 2)% + &y +3)% = ;{91;

. By 15, 13. 2 9 R 250 - 25 ane (x - 3)° + (v - 5)% = 25
c @ G- o921 () x-5)2 s (y- 62 -5

@ G -8)s (y-92= 2 ,

SO R R ) - P (S

{e) 2y = x + 10 (@ J3y=x

Yes, & circle is 2 happy ihin: to be! /\)

& Sy



