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Hm‘ AVATYSIS-ANATYTIC CICIETRY..;
PEHAVIOFAL UEJ“CTI" S

I: Defins ellip:e as

A, A locus of points fron
1, Two fixed points
2. Fron 2 point and 2 line

B, & conic section

1T, Identify the

“A, Vertices of an c¢li pse
B8y TFoci of an ellivse

C. Yajor axis of an ex‘lpse \
D, linor axis of an ellipse
E, Dircctrix of an ellipse

F, Eccentricity cof an ellipse
Ge latus rectun of zu ellipse

III, CGiven the equztion of an ellipse dete:nine_

Lo The center of tha r.-ll.c.PSC
B, The coordinates of the vertices of the cllipse -
C. The ccordirates of the foci of the ellirse
. Ds The equations of the &irectrices of the ellipse
E, Thz lcngth of th !
1. Hejor axis
2, liinor axis
F, Th2 ecceniricity of the ellipse
G, Its graph
4 The length of the latus Tectun of the ellipsc
I. The arca of tre ellipse
J« The perineter of the eilipse

IV. Deternine ihe cquation of an cllipse given

B

A, The coordinates of the center and the leongth of the tuwo axea, . -
B.:The coordinaics of +the vertices and the focei, ‘

C. The coordinates cf the foci and the length of the major
D. The coordinatcs of the center and the focl :

E, The coordinaios of one focus, the cquation of o dirzctrix and the cecentricity
F, Tho ¢tooréinatcs of the endpoints of boith axes '

H
9%
4]

V. Solve problenms invelving prorperties of the ellipsc. - _f

SECTICN T ELLIPSC~-DEFINITION

Ellipse--~definition 1: 4An cllipse ib the intcrgc :tion
of a plane znd ‘a right CiICLlur double -rapped cone > , -
such that the plene cuts all clcments of tho cone,

.Tho &bove doflnitﬁon %111 not bte uzed al getraically.

Yo include this definition to ostatlish the ol lip

-
as a conle scetion, \\\ e
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Ellipse;&dcfinition 21 An ellipse is the locus of points in a planse such that
the sun of the distances from two fixed points to any point of the
locus is a constant,

!

FP +TF'P = FP' + F'P' = FE" + P! P g constant, (¥ote: This constant
must be greater thaa FF')

If ¥ and F! are coincident we have the specizl ellipsc called the circle.
'Cone Jolcr night call an ellipse a "wall-cyed'" circle!

Ellinse—-d0¢in1tion 31 Ain cllipsc is the locus of points in a planc such that
the ratio of the distancé to a fixed point to the distance to a fixed
linec 1s some constant e, 0 <e <1, This ratio e is called the
eccentricity of the ellipsec,
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SECTION II THo ELLIFSE AS A LOCUS OF POINTS IN A FLANE EQUIDISTANT FROII
0 PTXFED P0TITA

;) - Before we get 1o the algebra of the cllipse suppose we identify somc speclal
rerts of the ellipse and becone familiar with ellipse vocabulary.

| EE
- The linc VV' is c2lled the mzjor axis. It is cgsfomary to call the length of
the segment VW' thae longth of the major axix., The length of the scgmemt CV is

the length of the semi-major axis. For the diagram above VV' 1s the major axis
boccuse of the two axes it is the longer.

TT' is called the ninor axis. The length of the segment TT! 1s called the length
of the clnor axis, The length of the scgment TC i3 called the length of the
semi-ninor axis, ' ‘

F and F' arc the foci of the cllipse. The focl are points or the nzjor axis,
' C is tha centcr of the cllipse. X

V ard V' are the vertices of the cllipse.

The sezment LL' 45 called the latus rectum of the cllipse, The line IL' is
perpendicular te the nojor axds and contzins a focus of the ellipse,

It can be shovm uith elenentary calculus that the ares of an eliipse is
7T+ sord major axis ¢ scmi minor axis, (fote if both axes are equal in length
tho figure is 2 circle and the arcz is our familiar . .

It czn be sheua by not so clcnentary calculus -that the perimetcr of an ellipse

2
is Zﬂ”d 1(scni-mz.jox axic? + seni-ninor axis®) o (Noto again if the cllipse is

2 clrecle and both axes ere congrucnt,the formula simplifies the the_familia: Zﬁr.)

HOTICE: TF = TF' = CV = CV'
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Now an ex:aple anud some alzcbra!

- Given: An cllipse with ceater (0,0), foci at (3 0) and (-3,0), end vertices
(JDQ’ end "bl/'

Deterzins ihe ciumalicn of the ellipse,
4
VE + VP° = 15 (v¥hy?)

Since this sun distance nust
_rerzin coustant for ~ny point |
cn the €llirtsn we can sct
+ up <he cgratien

FF + IF' = 10

J(x-3)2+y2 +\(x +3)° +y° =10

\/(x -3%+% =10 x4+ 3)% + %

¢

(x=3)%+3% =100 - 20 J(x + 3)2 + y2  + (x +3)2 + 2

x2-6x+49 +y2=100 -20\5(x+3)2+y2 +x2+6x+':9'+y2.7
20J(x+3)"+y2=1oo+12:c .
5V 432+ 2 m2s e ;
25x2 + 150x + 225 + zsyz = 625 + 150x + 9x2 '
16x% + 25y% = 40O
_53 . Vz e : This 1s the informatiocnel forn
25 T 1§ for the ecquation of the cliipse
aoove. .

The length of the mojor axis (the lenger ene) is 10, It is two tines the squarn
root of the denomirater of the X2 teorm, ’ -

The length of the niror axis (th% shorter one) 4= 8. It iz two tines the square
root of ‘the deneninntor of the y° torm. . ¢

The center is at (0,0). The foci arc at (3,0) and (-3,0).
The verticcs are ot (5, O) and (-5,0),

In the above disgan VAR! FF = FF', the IF = 5. The distanes from the CﬂLDGiﬂu
of the riner a ucis to a focus 15 cqurl to the Ycnghh of the scmi-major avis,

lo also have a nicc right trizugle brewing, It is customazy to ¢211 the
distance f'ron the centocr to the focus "c". This number c is the focal distance,

NOTE: c2 + (seni-minor axls)’ e(scui-na jor axis)2
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%
Suppo:e 25 + l:éST-' =1

The above 1s an ellipse, It is centezed et (0,0), The easy way to get the X and
Y intcozecris is to firct lct x = 0 2nd solve for y, Thenm let y = 0 2nd solve for x.

Thus we dotermine that the c=oph centains the points (0,13), (0,-13), (5,0), and
(0,-5)¢ Actually, this 4s enough to sketch the graph.
 Ae(O3), " o dength of the nader axds 15 26, -

$\* (0,12) The length of the pimor exis is 10,

- The foci, this time, are on the vertical axis,
(_:90) - 2 X
c< + 25 = 169

T e =k

c=+12 Caa
Arcat 65 @ _ ' The coordinctes of the foci are (0,12) e.{xd
(0’_12)0 - A o

To find -the lenzgth of the latus rectum lect
Yy = 12 and solve for x.
2 =

Perireters 2m JTPE

x 14
25 T Teg =1
x? =25(-1%§i)
2
x| - &

Eence, the length of {the latus reetun is % "
4

BXERCISE 1

For numbers 1 to 8, (z) Greph; (b) Dotcrnime the longth of the major avisi
(c) Deteraine the length of the ninor axis; (&) ™nd thc cocrdinates of the
vertices; (e) Fird thc coordinates of the feeij (1) Deternine the longth

of the-Iatus rcctung  (g) Find thc ares; (h) Find thc perincter,

. L2 2 2 £ g
X -"[—- g = 5—- i = 1
ll E. + 9 1 —— N . 2l 9 + 100
2 2 h, 2y L
3. r4n +y 1 e 5 + 7 5
5, x% + by% = 100 : 6o x2 = G = by? )
-
0 y, 2 2
i /J%— + 25y2 =1 : Be Gix™ + L4y® = 1

9. lirltc the cquation of the ellipzc glvents

- (a).Vortices (5,0) and (-5,0) and minor axis of lecngth 4,
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(b) Vertices (0,8) and (0,-8) and minor exis of length 3,

(¢) Center at (0,0), ninor axis of length 2 and major axis of length 5.
(a) Vertices et (0,13) 2nd(0,-13) end foel at (0,5) and (0,-3).

(e) Vartices ot (13,0) and (-13,0) and foci at (12,0) and (-12,0).

BECTION III, . pistol ELLIESE CENTERED AT (4,&) L e U

" The cn"~+*~n for tho c"‘puc c.nt:rc =t (H,.) can be dc*ivu“ nsing S ——
formula. The algebra is good practice, However, we can copitalize on the equaticn
for the ecllipse ccnicred at (0,0), Study the diagram belows

..fs.. g el

Pl N
(-3, 0)\;__/ (3.0)

' Ellipsé 4 and Fllipse A' axc congiuent. The equation for cllipse A is

= ],

T

2
X s
5

¥ctice, the x coordinate of each point on Ellipse A' 1s 11 units larger then
its corresponding point on cllipse A, Similarly, the y cooxdinate of each
point on ellipsc 4' is 3 units larger then its corresponding point on elilpsc A,

cx_; 11)2 +<y§;sf .

The cquation of ellipsc 4A' is

In general, for an ellipse centered at (h,k) the equation iss

Sx - h}z + fv - k}z -1
2 i
a b

(h k) is the center. | alis the length of the seni-horizontal axis. |b| is the

loﬂgth of ‘the scnl ~vortical axtisg: . o
Hotice agnin, if a = b, we have thc«cquation of a circle,
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Exercise 2

I, For cach of the iollowing: (a) Determine the coordinates of the center;

25

i1, Uriie the oqua‘ior of cach of the following ellipscss
"1, Fi (4,0); F': (4,0), najor axis of lenzgth 1),

f) b) Fird the length of the major axis;  (¢) Find the length of the ninor axis;
. ‘ d Find the coordinates of the vertices; (e) Find the coordinates of the foci,
oy, = 2 2 - 2 2
q, &x+2)° -9 _, S CI ) L ¢ 2 ) L
& 9 25 16
“_~-—“3-:3L—-L" E “-E-"L?,(}?'..B')“Z"S’f" R e Y oy ok by =3

2. Fi (9,2); T*s (5,2);. major axis of length 6.
3. lloJjor axis @long the X-uXio and of lengtn lo. hinor axis o length c. ' '
Center et (3,0 '

a...Fx<3,3); 'y (3.-9); Vi (3,7); 2nd V' (3,-13)

III. Uritc each of thﬂ folloninv cllipsc equutiong in tho infornation;I forn:
Lobx®+ 3% + 67 -9=0 2. 22 +Bx + 3y° + 9y +2=0

3e 2X2+3x+y2-'-7y_l4.=0

’ SECTICN It ECCEHTRICITY AND T¥T DIRECTRIX

In this scction we shall devotc some time to studying the cllipsc asz it is

- derined in terms of ceccentricitys Reecall écfinition 31 An ellipsc is the locus
of points in a2 planc such that the ratio of the distance to a fixcd point to the
distancc to a fixed linc ic sonc constant ee 0 < ¢ €1, ¢ is called the
ccccnthic1tj of the cllipsc,

Study the diagran helowt PiF_= a-c ’Pl tod= g
5 ' /\ .
f x=d P2F=a. .Pzto.d=g;+a
(ES

: Tad = C 2

: H =
/ X L i, T A
5 . 4
= A So:s 3 2

‘ ag = cgit a --0oCc = ag
¢ t & ) - 2
a” -ac = cg

N it

aga - c) = Cc35

a-c £ ST
— 3

g a

£
LNy

oo

The occentrielty of the cllipsc 1s eoofor an cliipsc with najor axis hdrizbnﬁale

for zn clllince with nejoxr exis vertical,

o'lo

Tho cceentricity will cinllnxly Lo
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The ellipse has twec directricos. They are parillel to the miror axis, The
directrix is the fixed line referred to in the just previous definition.

For the diagram on tho previous page, the equations of tha directrices ares

‘
S xematg

2 . .
x=a 4+ 2= 2ac . A i
* = c .;—u - 2 ‘, bor o P wo . B oprooar we . B 3 & 5 o e

PRt il _._?_.-_—2 i, s e TS TS L AT LSS L . S S N IR SL R

- &C + 8 = ac
(¢}

Since the ellipsc is symmetric around its minor axis, there arc two directirices,
one at x = az/c and the other at -az/c.

2 . 2 .
EXAIIFLEs  Consider the ellipsc with cquation ﬁ-f +,i%_ =3

The length of the semi-major axis is 4.
The length of the senl-minor axis is 2,

AN

The eccentricity of the ellipse is

The equation of‘the-directricés.are _
: - yo s o y-x 80
12 3

TMPORTANT HOTICE: If the graph is not conlered at (0,0) there is no change
' in the cccentriclitiy.,3UT...remecnber to place the dircctrices

72
\

accordingly., If thc ollipse roves, so do the direcctrices:

EYERCISE 3
1. Find the cccontricity of the ellipse whose cquation 1s &xz + 9y2 = 38,

2. Find the cccentricity and the cquation of the dirccirices for each of the
followingt (4 sketch might prove helpful.)

)2 2
(a) 25X2 + 16y2 = 400 (v) (x ; L) +,(Y2; . 1

2

(o) xF 3 = b gy (@) =2 + 292 = 1-

REd
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a

v

&
s
‘(

-

| - 2 2 2
. 2 g; o) (x-7° (=3
.:) (o) (x +.l) + 1 (£) & R v
3. Determine the equations of the following cllipsé:z

(2) Focus 2t (3,0), dircctrix: x = gg,. and occentricity = —% :

—iszmma=i2(b).Focus at (1, 2), directrix R4 ='-2, -and eccentricity'= i

ANALYTIC GEOIETRY STUDENTS: Review all work carefully. Become an cxpert on the
basics of the ellipse., Take the trirl run and then
take the test.

- BATH ANALYSIS STUDEXTS: Go on to the final section.

.

. SECTION FUN_STUFF

There are recally nc ncw concepts dcvelopnd.in this scctioh. It merely calls-
upon you to explore the elllpsc in more complicated situztions. Enjoy the
exercisns! . . o L ) =

EXERCISE 4

1, Vrito the equation of the ellipse whose center is at the orizin, whose axes
of symnciry are the coordinatc axes, and whose major axis is three ticcs
A the ninor axis., The point (3,1) is on the ellipse. (There are two solutinns,)

-+ Tae endpoints of one sidc of a trianzgle axe (-2,0) ard (2,0) and the sun
of the lengths of the cther two sides is 6, VWrite the equation of the locus
of points whicn are possible verticcs of the tri_n°4o. .

to

3. ¥rite tho cquation of the circle which pesscs tkrough the endp01nts of thc-
latera recta (that's plural for latus rectun) of the cllip5ﬁ whose equation

X2 1'2

ist T ‘+ TE_ =],

4, Yrite the cquation of the locus of points such that ‘the sum of thec distances
from (5,-1) and (-1,-1) 4s 10, :

5. Find the center, foci, vertices, ondrcints of the lator rectz, equations cf
: the dircctrices, and arca of the cllipse with cquation:

x2 + 2y2 3 2x =12y + 11 =0

6. Find the cquation of the cllipse with vertices (- 5 0), (5,0) which contzins
the peint (&, 12/5).

7. A =squorc wilth sides Irrallcl to the coordinate axcs 1o Inscribed in the

cllipse with cquntion 9r + 16y = 100, Find the courdinates of the vertices
- .of the. square, What is thd arca of the squarc? ' ¥hat is the cquation of thc
) circles circuascribed around the square?
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Sketch an ellipsc which is tangent to the coordinatec axes and has a center
at (-5,9). Write the equation of the ellipss, '

9. Write the equation of the ellipse with major axis of length 10 and focl
at (8,2) and (0,2),

10, Wrlto the equation of the ellipse whose center is at the origin, whose axes

-are_on the coordinete axcs.end contains the.points-(2,2) and (3,-1).

1,

Write the oquation of the ellipse with center (4,5), minor axis 12 units
long and area 48m sg, units, :

12. An arch is in the form of a semi-ellipse, with the major axis as the span,

If the spon is 30 feet long and the height is 30 fect, find the height of
the erch at 2 point 20 fcet from the minor axis.

13. Find the equation of the locus of foints which are twice as far from the
) o ’ .

.- 14, Prove that the ‘mcasure of the ninor axis of aniellipsa is the mean’
proportional between.the length of the major-axis and the length of the
latus rectum,

line'y = 10 as frow the point (0,4

L 4

THAT'S ALL., Go on to the Trial Run and the Test,

Y o

DTy g
oy

ANWT (.

_TATRCISE 14 ' =

1.
2.
3e

L,

Se
6.

7

8.

v 2R B2 42
9-(a)§3—+4 =13 (b)—9—~+g¥,—“l:

- :'. ] 5 . '.2 s ) ‘ e
X 7 . =3 .e
Wiz 1 =1 © g +53

(®) 65 ()5 (0) (0,2)5 {e) (02y3): () 5 (&) 6m (n) .7 V26
(®) 20; (c) & (a) (0, £20); (e) (0,515 (£) 9/5: (&) 30m (n) om {Fe5
(®)°16; (c) 2:  (a) (+,8,0); (e) (x§83,0)1 (£) %: (g) &m (n) wy130

() 205 () 2V55 (a) (0, 5): (o) (0,+V20); () 2:»(4;) 5 {5 (n) 2q\ 1_5"

(®) 201 (e) 105 () (210,0); (e) (+5/3,0); .(£) 5; (g) 50m (h) myZed
(v) 16; (c) 8 (a) {28,0): (e) (+ uﬁ.o):..gf) 4; (&) 32m  (h) 4m V20

—
o

™5 @ @@L @ BRo (2 2 () 2 i(n) 2(T5

: . = —
() 1 () (@ @) (o) (035 (@) 3+ (&) g5 () Tf3v

- 4
._5,_. .L..—-X_. £s

. HCY THAT YOU HAYD DCME THT WORID DO YOU 10TICE THAT THZ LENGTH OF THE LATUS
RECTUN ISs

2l comy cmirvimam med ~NG& /L
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. ELLIFSE ANSWERS CONTINUED;

EXERCISE 2

7 1 (a) (-2,3)s
2, (2) (7.1);
3. (2) (-2,3);

R @A

(®) 6 ()b (@) (-2,0) enc (-2,6)1 (&) (-2, 3 £y3).
() 20;  (c) 85 (4) (2,1) and (12,2)5 (s) (10,1) and (&,1).

© B @2 @eiam S e e,

) 245 (c)zr, (d) (1;1+F=). (c) (1§1;('3)

s S -7};;3—;’-2--:»1 - g ("57)2+ '13'5"2)2 =1

.3'. ng”)z"'%g';l ke x_q2‘+ 150 “-1

. IIL, -1, ";2 Ly 183)2 =1 | . g, Blx+ 2)2_»,'_- by +3)° =’ 1
. 51 17
5, Mg ﬂi;éil
139 139

EXERCISE 3
LB a @ b e B Y yese?

'(‘c),y’g», x = + \/6; (d)-‘%-.x‘=+\f5- (cj—?‘{y=3i&3ﬁ

3. To solve this sot usc the locus definition of the ellipse.

~ 2 'Cz PF _ 3
= C=> T =
/‘\(x.w L= R~5 T S5F=3R
b . 2 2
- \ ! : 5(:<-_3)+:f2=3(—§-X)
€ L
t lx - Z—;i Tho above 1s a good znswer., However,
\l/ "1t can’'bo sinplified to: '
2 2
X
25t g =1 .
(b) _-Proceda &as 2bovo, thr <~inpliLic.d tho answez iss :
2 16,2
3(x - 1)% oy - 9
S e |

14



The rzjor axis is 10, '

-s)

- 12 -
ELLIPSE ANS/EES CONTINU@ ‘
EXERCISE &
1. 9x° + y° = B2 or x2+ 9y° = 18
> - . p -
A-Z‘v_ié— +—-“-‘5£'— -_1_. (y..#e) Sl st e wate fwer i 7_3.,,x2 +y2 o 13 ...., _—
A
4. Ellipso locus, Foce (5,-1) and (-1,-1), Center (2,-1).
The wajor axis is horizontal. The minor axis is vertical and is equal in longth
to &, (x - 2)2 (y + 1)2
‘ Equations 25 13 = ] .
5. Centiv §-1,3), Fozi: (1,3) am (-3,3). Ycﬁicesx (-1, + 22, 3),
Endpeiats of latera rectar (1, 3xV2) and (-3, 3 +/2)
Dircetricest x = =5, x = 3; Area; 4mnyY2,
B B
é. E:— o =4 ?. Vertices of squarcs (2, +2); (-2, +2)
2 2 Area of s:arce: 16 sq. units
; T =1 Equatinon of the circles x° + y2 = 8
f | 5)2 (:C 2)2 . { = hE Iv o ')\2
e + — - b ‘,I_"’l +' :\."— o
3x% | sy? | Y . p 44
0. 33+ 3%/ ' .11.'11‘—"24-@——-’—), («-)'
32 3 T 3¢ _-
12, 153
2 2
x yr-2)% _
3. 95~ * 38 e
. y2 2
14, For the ellipse with equation _E +—"L2- =]
) . a b

-
2b

=

Bl
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SUMIARY: BASIC ELLIFSE PROFERTIES

——

Note: CV = 2

senl-major axis

Arca = q a3

; ¥
Perineter = 27 Q-%(az + b2)
CF = foczl distance = c
¢+ (scni-ninor axis)2 =(seni-major axis)2

. ‘ 2 @ . M
: 2(scni-ninor axis) “iLatus rectunm is a
Length of lotus rectum = ~20 chord of the cllipse

.6omi-rajor axis, which contzins a

fbcus,
c
conl-rajor axis

Eccontﬁicity =

' : . 2\ 2
(seni-nn ¢ 11
Dircctricest Hajor axis horizontal; x =h + =2 éor axis)”
Cernter at (h,k)

is)2

seni-nnjor ax
llajor axis verticals y = k + (€L c]

Coenter at (h,k)
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MATH ATRLYSIS-ANALYTIC GEOMETRY ELLIFSE L.A.P. TRIAL BUN

I. Defines 1. Ellipse (Give two definitions)
2, Hajor axds of an ellipse 3¢ Minor axis of an ellipse
L, Foci of an ellipse 5, Lztus rectun of an ellipse

) .
II, For the ellipse sketched below determines A, The length of
1, Major.axis:

ot I i '_V’;__. L. .2é _Hinor axiss -

3. Latus rectun

(gvj;f

\

B, The focul’distunces’

(!a' s) . C. The coordj_nat.es of
(_% ) ' 1. The center: '
1. (3,3 - ‘ 2. Yerticess
T — 3. Focls

D, . Equations of directricess

E, Eccentricity: G. Areas ' H. Perineter:

ITI. For each of the following: Grarh and deternines

A. Center; 'Bx Vertices; C. Foci: D, Eccentricity; E. Directricie;.
2 2 2 .
X e = (x = 1) 2 _

teg *gg =1 . 2o o +(y+3)°=1

3. 25 + y% = 36 b 9%+ by® - 36x + 2by + 36 =0

IV, Determine the equationof each ellipse determined below:
1. Center (5,8); iiajor axis 10; linor axis &, (Two soluticns)

2, Vertices (€,0) and (-8,0); ecccentricity = 3/k.
3. Poct at (3,7) end (3,11); lajor axis of lenzth 12,

4o Axus on the coordinate axes, (5,2) and (2,8) on the ellipsc,

Ve NATH AGALYSIS STUDENTS: Review all problema from the last scction of ihe L4 F,



-/5-

ELLIISE L.A.P, TRIAL RUN ANSWERS
) I A1, 14 . 2. 4; 3, %. . B. &5

c, 1, (3..5): 2, (<4,5) and (10,5); 3. (3 + G5, 5)
-D.x=315‘%\5—6— Eeii?—fs G.ll:vﬁe H. 77106

I L (0,0), (0,57) -"F(S,“;'_;'j:)',""'é AT e=sdMI0

'_ 2, (1,-3)s (5,-3) and (4,-3); (1 + 2{3, -3); 3—5—: x = 1+

3 (0.0) mﬁa;cig%z.w=2§i. y -2 5%

A (2-3)1 (2,0) end (2,-8); (2, -3 £ 3); 1’5;—'; y=«3i 2‘5

(x- 5%, (v -8)% _

- L (L 5)2
Ivn. l._ = 25 + e

T 1 amd D 25
2 2 '
20 t= =1 3, _(5_-_2)__ h'?__)_
/ ' 2 2
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