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HATH ARALYSIS—4RALYTIC CEOMETRY
LEARNING éCTZVITE 5&&@

ZEHLAVIORAL OBJECTIVES

- I, For & glven function, £(x), determine liz £(x)
HEep e

TI. Memorice and use the definition of a limit of a finctions

%& f(x) - i,ii‘snd only if|(x) - L'§<i for x - a!éé for £20 andd)(),

ITI, Enow the three ccn&.itions for & funcitbn to be conti..uou.s et x =21
A, £(a) exdists
E. é%?fa £(x) exists end is unique

c;;gg?% £(x) = £(e)

IVe Use the criteris in IIT {0 determine whether or not & function f(};} is

continuous &t = = a.

SoCTIOK I. LIMITS--COMMOR SENSE APFPROACH

Suppose we consider & function f(x) such that £(x) = x + 2 and we wonder about

the velue of £(x) as x gets close to 3, Im limit tems, we H‘I’i‘Le lin (x +2) = 2
: . . o —s3

hs x gets close to 3, (x + 2) gets close to 5. A
The 1in (x + 2) = 5, The closer x gets to 3, thes closcr £(x) gets to 5.

x—=3 )
Rocall, in graihical *erms, £(x) is the y value. ol
%:. (3 *f) !\;- _ ¥e are not gquestioning what happens exactly
g 4 at 3. Yo ask about the valuc of the

function £(x) for x very close o 3eseas

€(3-5}/"

close to 3 as we choose to gete

o T(3.1) = 3.1 + 2 = 5.1
1 2.9) = 2.9 + 2 = 4,9




. Arbitrerily consider a tiny valus & (delts) such that d >0
et 2348 )e34d+285¢4 :

-2

S fe = .ee e

£2(3 - é?@&.xééz‘g e
Rence, for & very emall, £{(3 +d ) &s very cloee %o 5.

1w {z «1) =
- X922 .
e s(a+5§-gz+g>2-1 b+4S+8%-
Fae) | SRR
L R o f2-d)=(2-d)2-1=b-85+d%-2
é’f—ﬁzsé}l\i%" =3-ud gde
o 1 For § = .1

For & = 014

f(2+d) =3+ .,0&+ ;c»ooi = 3,0401;

562+53E3+.£-n@i§3e&1
fiz"’ }33"54+e@l?2e51

f(zc-4) = 3 = O+ @a{r:sis 2.9601 -

is & gets smaller, £(2 + £ ) gets closer o 3.

EXANFLE 3 £(x) =ExT | -
: : 1n [ x]=3
4 - X232
L P IR— If we choose delies very smallg i,e. sn2lier
than .2, and closc in of 3,2 from both side&,
o £(x) slvays equals 3.
1 € e 1im EXB- not unicuo :
. & x4 3
3 . For deltzs oh the rights tx+8) = 3

For deltzs on the left: £(x = & } =2

for 0<8 <1 .

o 2 =2
.Xezx R u e

1im 1 = undefined

XF 0
Deltes

on the rightif(0 + &) tend to + Q0

Deltes on the lefts £{0 - & ) tend to -0




&% first glence we might inst
ebove 1imit 45 undofined,
function {8 undefined &t x
study of linits we arc mot con
- value of the fumeticn st the
domain elcmont, but =
for domain elemen

=3 =
1y o= 25

x5

X35

3 S

foog

-

inctively 52y the

Troclse given
ther values of the functies
ts close to the given domain )

ESE

To Bo sure, the

EG’SC‘?E?; jﬁ % -
corned with ¢he

- olement, Yoeg oy
e o= B swz‘s T8 - - Ei(xE = =
: iy Un E=Z3 gy 5;2*%%% 5)
i x»5 % x5 ~ £
v : =14a (x + 5)
J - K935 -
= 10
DUME G f(x) = | Q
= fis B "
;;;i;i@ % oo

The limit does not exigt
nocessarily be = number,

e & 1imit must

EXERCISE T

Sketch the graph anad
given domain ¢clement,

ieﬂﬂsx+1;xe5 .&fk)é@-ﬁggf?l
: o }:2 = & . "
3e f(xj = WE X3 =2 4, f(:x) ﬂgx + lgjﬁg €a.) X2 23
" (d) x—>.5
(3 forx>2 S ' AR
Sotlx =g forxgz2t (8 x231 (®) x30; (o) x =
. C(b6forx> 2 | '
o 2{x) =5 . _ for x<2 § (8) x> 3; ® x>0 () x5
‘?;?"ﬁﬁﬁﬁ‘s W23 Wx>0 1) x>
8. £x) = 2% (2) x = 0 () x ==y () = — 2 e
,9g f{%} = Ioggﬁg (2) x—2 2% (p) X —=0; 4 EC} X—>8
,:g< X+ 1forx>s2 - ; e
< ) I £.5 < =~ T % <> De ~ e 20
10, £(x) = x =1 for x < 2° (=) * T 2 (®) x -2 ST m SR

. .;2

deternine the 1imit of tho function es x approaches each



e

=4 =

I
11, féﬁ}%:

e E‘VEA}E%’S each of the following, Do not grath these ﬁmctiﬁns@uﬁless Fou want

<

(e) =3 (b)) x = =3; . -
iz, £(z) = Xg,,fx; . {e) x50, () == 2
A S _ |
2 2(x) = 2l - _égggﬁ;gg e b)) x> 0

~{e) ==50

(c) == =2

(c) z%i

“to, In evalusting; you must always avold casee 1like 0/0, ©°/0; 0/ § and w4 1

By book or erook, get zid of thoso cases.’

i, Yn 3;,:;22 2, 1im éxf_ii%ﬁ;é
Xtoe X7 X7 6x° - 3x 4 b
| . I -
b 1in X ®5, 1ig SE= 2
222 x-1 232 -4
oX _ =X _ %
£7, L.m — - %8, lin 2—=J
xsee 3+ 3 X3oe 3+ 3
#0, 14p 2-%2F1 #11, 14n  sin.x
x>0 x5 /2
%13, 1lim £x + hg = £(x) fors (a) £(x) = 2x;
=50 '

& N RO RE

= =% % ’ ° _}‘\
3 lﬁizs#x«%z v ¢
X3 0= ‘?:3==3;

26, X =1
EQ? + 3 =2

2
%95. ;i: él%%}——?} a

p-S—

#12, J_j_m____.i;cfji‘

}:—5‘0

(b) £(x) = 5

(@) £(x) = %

% Math Analysis ;onlye
YOU HIGIT WANT TO REIRIBERs
(2 + b)° = &7 +§a2’b+3ab +

n-2,2
i'aﬁ-%_g R T a{a-l}a =2y mfnv}.}f;

o

27 4 g“"f{a+b){a =as+b2}

-=b3=r€a~b)(a *ab-&‘QzE

= s
%sss“ﬁ'"b



= 5= )
. LDOTS—4 3TT HoRE SOFRISTICATED

Consider the functien fiz} %Azg. .. ¥e guess 1im zg =9
_ >3 ) :
Buppose we want £(z) to be within 0.2

nusber e5.0.1, £ (epsilon,)

wo choose the doms=in element to imsure

be called ééé% lta epeilon,)

- Solutien:
3+ 4 2(3-4,) = 8.5
3G+4, (3-4,)%=38,5
3+ S 3% &, =&
d | S, =3-{83
S, < .016206 : . S, = .016m33

The cholce for & (0.1) is the minimum of 51 end § ,,

We conclude thets [f£(x) - 9[<€ 0,1 as long a5 |x - 3]<0.16206
Kake a great effort to understand the above, ¥hy should we.chéose the smaller
‘of the two deltas for ~the finzl statcnent? : ' :

Funbers, as you can see; can get tedious, From now on insiead of chosing &
erticulzr number such as 0el, wo shall generalizo to any amall positive number

o =

units fros 9, ?esﬁ*‘s&nhter@iisuﬁg

‘Fow the question is; How close to 3 mmst
thet this will happen? This choice wil1
fas

ard call 1t & (epsilon,) - . .
EXANPIE 2 - ' _ -
Consider the function: f£(x) = :‘}E"’ : Yhat about 1inm. ;“i’ 7 ?
. §§ -~ T X‘fz
L, Un—2— .3
x32 '
W’é\é‘ Ze Determine the relationship between
d Eend § such that o o We
f-g 7 ) -af < e

Study the dilagren, Perheps drow the disgram 16 have it close At i e
s80lution fa Arm 4+hm oz . - N



Bolutieng :

) fiz-é-éz}gzeg Be .

S rf»égx g"é}} =1 ¢ £

4 = & 3’ 1 = 3 £
BRI PEr et A Z-d -1 "1tE

! _ 1
S.+3 =1-2 . &1+ £

g S sl Aay 1o .
1=6, 42 -e8, 2 iaz;é"i}?s?éx
E=d,-58,. o ¢ S, = &
?ﬂi’zsé}égj élil-sé}‘mé;

SR 3 R e .
éé l-g T3 1+¢

: &
Binec £ 0, élis tho ménimun @f‘_gi ard Sy S (&) "I

Hence: _Ef(x} a'lgég as -long asgzezg 5555} ‘whers 5{5} = e

1+ &
, =4
M é(}:}g&sg
-4 ' (x+2) (T =2) NI - L
. 1lim., Z = 11 ~ =lir fx+2=24&
.%’;mééﬁgz x;né; . X=2 = b

(The function is mot.
defined for x = &4,)

“H-4, B i—?-&-ég
Using the above dlogren end algebra, show that § (¢ =g o

2
- Bences gf(x} ~»4§€£ for Ex-‘4§(£€$?

£
where S(g )=ty - g2
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For mach of the followings (&) Grephs (b) Guess thc 1init &s x— & where e is
. tho mmber indicated in cach problem; (c) for £(x + &) solve for d 5 in terns

of £.5 {a) For £(x - l}g salveferé in terms of é g (o) Beiﬁmiﬁe g(g?;
~I{f) taFs = coneluding statement such-as Ef€z§ ~Llcsfor [x-2alS(£ ) '
where (&) = _____

L, flx)=2x; z-3 1 2, £f(x) =2x =31 x> 4 .
- o ,
35l e xor g bot(x)=-VEs zk
5 £(xi =Nl -x x5 -3 6. £(x) =% x5l : '
S 52 = 3 ] ) ) n
7o f{x; = TyIc x—¥-l g, f(x) =|x+2| x5
R 5 2 ) for x£ 0
Pe ffﬁ)f—'—fﬁﬁ x—>4 .109 £(x) = ) <2 for x>0! xﬁ%'ﬁ
SECEOR 3 ' CONTINTITY

Erch of the graihs of mcnc”/re’at* ons graphod below illustrate cziscon‘tim_ity
f~z =2, Take a good 150k,

L. | 2. .

A | AL S

AN




It c=fer S o function to Be econtinuous 8t a2 domain olement "a%, the following -
thres eziteriz must be atisfied ’

1. £(z) exists -
2o 1in £(x) oxistzs and is unigus
Ao g
. 3, Mo £(x) = £{) ,
nJe -

¥e inclule the unigue 4n #2 4o cover cases such as lim =D. 1 ve approach 3

E4 2
from the 1:0%, ldn ‘QXE =z, If we spproach 3 from tHe right, 1lig égx.g = 3¢
' . %93 : _, : 35

Tac grostest integer function 4s not continuous for x = 3, In fact, the grestest
integer fusction is Aiscontinucus for = any integer.

EZEACISE 3
1. Tell why each function gr=rhed ot the beginning of this scction is mot
centinuous for x = a, : :

2. T2st czch of the follewding fmctions for continuity at x equels the given .
mmber, To bt continuous the function cust satisfy esch of the threc given
criterla. To bc éiscontinuous it is sufficicnt that onc of the eriteria is
not eatisfied, . ' ‘

(=) £(x) BxggA at x=0 . o (®) f(x) =%} atx=-
. ° . 2
(e)f(x) = =2 = stx-3 @) £(x) = T2 atx=0 o
x -1 .
(e) f(x} =§ff ot =1 | () £(x) nif at x =25 a‘%xg@

() £(x) =§xﬁai x=1,5 atx=1
=5, forx &2
(b} £(x) = {x=2}2+15 for2<x&3 at x = 2; ’aﬁxmg
' 2% _41"‘02'}:}._3‘_‘ A o T .

)
b
By
R
b
ot
m
o
]
8
)
m
dn
b
n
!
I

(1) £(x) =[x -



A¥SYERS
DERTSE 1

16 2031 3.l B, (2) 3 (b) mot unique, BE- 5. () 31 (b) -1
ST L@WE By 6 n@is M ez
8. (=) 1 g1 (D& 9. ()1 () =oo1 (c) 31 10, (2) &
;;Gf'e () not mique_gﬁi&éc) =1 D, (8) & () 05 () 3t 12, (&) <4;
Aot () =& 13, (&) 7 ={®) 2 {c) 3.

. ) 1 ) 5
il : 2 13 3¢ Og -i}.' ‘5 H 5s el 3, £ ée 23 Te 1 8, Ls °

L [p-

-~ 2
?e E}:? 109 :é.gg ne 1; ;29 933 13€ {&} Zg éb} kg €c> 322? {d}a&é’

TYIRCISE 2
. {#(x) -3l<c€ for {x - <f(e), where S (£) E..%,. B :

2.8(8) =5 S =gEn: bd(e)ese-g?
555(15234?@% s f(a)-sgaasgz%a% 7nE(e) =2
8 d(e) =i 9. 8(&)=b- @;ﬁ;); 0. $(&)=£.
EmeIsE 3 |
1. 1, 2, 2nd 3, 1in f(x) is not unigue, 4. £(a) does not exist;
5. £(a) dfo'e; 'go‘?tacxistg 6. ):.ii; £{x) gf(a)a 7. not & function ‘
: ”

8. f(a) does not exist, 9, £(2) does not exist,

c=o BO = es c e &

2, {2) Cominuous; " () Continuousg (c) Discontinuousg £(1) does not exist;

(¢) Continuous; (o) Discontinuous, £(1) docs not exist; (£) Continuou at 23
Discontinuous 2t x = 0 bBoesuse £(0) does not existy (g) Continuous $0'r' x =15
Discontinuous £t x = 1 becsuss 1in £fx) is net uniqueg

(h) Continuous at x = 23 Continnps at x = 3,- (1)Continuous for x=2 & x = 4.

Z‘fgb Doss wot. IRIST - ' ' - : N

[
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HATH ARATYSIS—LRLIYTIC CEDMETRY - , LElITSaeT?ML RUN

D&"ﬁme the 14mit for cech of the fonomgs (##ath Anslysis only. )

1 z -
1, Mn — 2, 14n —Z 3. 1in
. : x=3
_._- wgf@x Eé” 3 A ;@@ l = 33 g% eal R
. 1 2 R ) 's =2
be 1im = 5 ln (=+5:-2) 6 lin L—ifx
%% 0 X-3=1 x50 35+ 3
i T ) - LTl TR T 2
7s 1in -—i‘ziﬁa 8, lin _33;_._22 ) 9, 14n b - x
x4 x°-16 %23 x° =9 X2 3-y:2+5
10, 1e Xtzo2 1, 14g 21 e1p, 14y E=20 =5+ 6
x>l €X=1§2 x-S =1 +d X3 =2 X2 & x 2
*iBE lin (x+ sia x) ®¥14, 1in (x + cos x) 15, 14n 2% + JB
X5 T ‘X T x> 4 _

L)

I, For cech of the following: }Eg CGraph; Zg Guess 1in £(x); 3¢ Deternine é;,
: X2

interms of € &, Dctcm.ne 5 in ‘Eems of &£ ¢ 5. Deterninc é(é )s
€. Cozplote the stetenent |£(x) - L§<§ for |x - a]<S (g ).

1o £f(x) =x = 7; x>2; . 2, 1(z) =V2 - x ; :-:,-2-.
300(x) = {2 -1]; x52 by £(x) = 2y z%%_

. L{_»Z .

5, 2(x) = X3z | x-—2-2 %6, f(x)Elogsxg x—>3

III, ¥ritc the threo eriteria for a function £(x) to be continuous at x = g,

Ivs Detornine whether or not each of the functions below arc continuous for the
sxocificd domain clement. Justify your answer,

1, ?{:c?v‘aﬁ"% ﬁ“g 1 <t x= % ge f{?f) =§2~:~‘~az 3 Tor x=73
3, £(x) = g;}i—é;forx"lé &f(x)ng-%Zg ‘F‘orx=2

stJHC}'-:gx-Fe‘Z;ﬂ'E.'fdr}i‘fl: | EICX)=~LJ;‘C ~-h ; for x=0



— /-

i ; 1 )
2x forx> 2 _ S forx¢0
7. £{x) %%ﬁ for x 22 forzxe=2 g, féz)aii - forx =0

2 : 2 « :
5. 2(x) =g§-=zl frxfl 0, 2=y Eol $ dmnda p forx=1
2 forx= 1 _ 1 forx=1 )
ANSWERS:
I. 3. 06 2,05 3 % s 4, ME ; undefined; 5. =5: 6. 03 .70 K.Es -
wndefincd; 8; %@ 9. 6 10 25T, undefinedy 1. 33 '125;53 | v
13, 1%, o -1 15, 1. |

II, 1. 5;(;3.%5545 for [x-2[¢f(e) S(g)=&
2. |f(z) -

6; If(z) -1

2feg for [x+2/cS(& N S(g)=tg-g°
3 l£(x) = 3]cg for |x-2jcd(e )y gigisﬁ%
L, Ef(x} -9« E for |x- ;EQS(E}; S(g ) g-fz';?%—jz
5. Efm-ui for Ix+2je8(e)y S(g)=&

| <

for 'Ex - 3E<S_(i}3 S(e)=30 - 3—5.}

IVe 263 Uy 5.3 and 9 ere continuous, &1l criteria are satisfied,

1, ot continuous beczuse lim £(x) is not unigue,
X9 o3

3. Not continuous because £(16) does not exist,
" &, Wot continuous because £(0) does not exist,

7. Not continuous bocause 1im £(x) 1s not unique,
; ‘X2

§. Mot continuous becatse lin f()&) does not exist,
X370

10, Wot continuous bdeceuse 1lim £(x) & r(1),
: R S S



