HATH ANALYSIS-ANALYTIC GEGCHETRY
/ PARABOLA
LEARNING ACTIVITIES PACKAGE

BEHAVIORAL OBJECTIVES

I. Define

A, & parabela as a locus of points
3. & parabola as a conic section

II, For a givern parabola identify its

A, Vertex

3. chus

C. Axis of symmetry
D. Direcirix

E, Latus rectum

ITT, Given the equation’ of a parabola dotermine

i, The coordinates of its
1. Vertex
2. Focus

3. The equations of its

1. Axis.of symmetry
2. Directrix

€. The length of the latus rectum
D, Focal length

IV. Civen the equation of a parabola in standard form transfer the equation to
tav _nformabional form -
=
V. Deternine the equation of a parabola given
A, The Focus and the directrix
_P‘ Three points on the parabola

© . Co Thefocus and the vertex
_V.__D,>tbe endpoints Qf the,latus rectum and the directrix

»SECTION e " i IARABOLA--DLFINITION

The parabola is the intersection of a plane
. withva rig:t circular double napped cone

such that the plane is parallel to an edge

of the cone, |
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The perabola: Locus definitions A Eéfabola is the locus of all points in a plane
whosobdistances fromn a fixed point equal their
distanccs from a fixed line,

The fixed point in thc above definition is called the focus.

Tho fixed line in the a2bove definition is called the dircctrix.

NOTE: As in the ellipse, the ratio of the distence from a point on the conic to the
the focus to the cistznce of that point on the conic to the directrix,
dcfines the cccentricity of the conic. In an ellipse the cccentricity was

2 nunber between zero and onc., For the tarabola, the eccentzicity is e
alweys one, since the cistance to the focus is egual to the distance to the
directrix.

?y using the avove Aefinition we can equation of a parabola if we.are given the
>cus and the diredtrix. Study the examples that follows

EXAFPLE 1 Given = focus a2t (3,5) and a directrix y = =I, write the equation of the

parabola determined and sketch the graph of the parebola,

Choose ' an arbitrary point F on the conic
1 with coordinates (x,¥). By difinition of
T the p;rabola, F = PQ.

Hences

4
[ BB~ N JGx - 92 - 9 -+l o
) ¥y

E \T For the above equation, square both sides
i and simplify to show that the equation
H t' iss 2 .
e s o (& ~2)% =220y - 2) (2)
&— Sl r! — :
Q Notice that the- Doint (3 2) is nidway

. between. the focus and the directrix.
N , ' ‘ (3 2) is the vertex of the parabolg.

Find several other ordored pairs that
fit the equation to sketcﬁ the ‘eurve,

Equation (1) above is the
equation of the parsbola.
+—dt—t—p—+—+——— Equation (2) is really the
same equation but in 2 form
that will be very helnful
as we procede. »
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EXERCISE 1s..
For each of.the félloWi_Eg find the equatioh of the pazabéla defined., ¥Write the
equation in the forms (x - h)? = aly - k) OR (y- k)z = 2(x - h), Also GRaTH,

. Focizs: (3,4) anc directrix x = 1 2, Focus (3,4) and directrix x = 5

3. Focus (3,4) and directrix y = 2 L, Focuss (3,4) :and directrix y = &,

5, Focus (4,0) and directrix x = -4 6. Focus: (0,4) and directrix y = -

7. Focus (4,0) and directrix x = 8 " 8. Focus (0,4) and diréctrix y = S% _
9. Focus (0,0) and directrix x = 10 10, Focus (0,0) and directrix y = 7
SZCTION II | THE ANATONY OF A PAFABOLA ' s

In at laast onc person’s opinion, *E;he parabola, is the most beautifil of 211 the
conics, Possibly this is so beeause of 1ts simplicity. With an ‘eccentricity of
i, 211 parabolas are similar, To obtain the general informational equation for
the farebolz we can procede z2s followss

Suppose t_he vertex of the perebola is (h,k). Let the distance fron the vertex
to tha fécus_bf_‘e Pe T"Pn the coordinates of the focus -=re (h;k'i-p) for F above -
the vertex and p> 0, The directrix isy=k - D,

By definition of the parebsla we can set
up this equations :

— ,

Vo - w2+ (v - ()2 =]y - (& - D)
Square both sides, combine like térms and
show that the above equation simplifies toi

(x - h)2 = bp(y - k)

The. vértex is (hyk)

-The focal distance is Do
rThe axis of synnetry of the Ix:,rabola isx=h
- _ The focus is (h, }N-p) :

=%, - The directrix is y = k p




-4 .

<
On the previous page we considercd one arrangement of the vertex and the focus,'®
In this L.4.P. we shall 2lso neet three other placenents of .the vertex ang the. )
focus. With cach the procedure used beforc can be cnployed to derive the informa-
forn of the desired equation., For reference purposes, we shall show below the
remaining three positions and their cquetionss

N
2 ()
< — |- - (o)
1 _ (h, K |
Z 2L ,
4 (h>f>
A wee .
(x= b)? = (y - &) (y-02=p(e-n)  (r-17= dplx-1)

The Latus rectun is zbsolutely nifty! ILook: ' -
" The segment PP' is the latus rectum,

PP' contains the. focus and is peralle
- to the directrix, '

\ / PF = PQ by the definition of the cgnd
?"N_ ) ‘e /e ?Q = 2p. FF = P'F, ,
b : |
\}/: Hence: r¥' = Lp,

zf | | With this bit of knowledge, it is
z

= — . — o T very simple to sketch a parsbola,

IXAMPLE: Sketch the perabola with equationt (y --f3)2 = 8(x - 1,).__
The equotion is of type (3) above, Tt is 2 parabola open right,
The vertex is (1,3) and the foeal length is 2, . ( ‘ 1)
: ' + - X
3

Piot (1,3); , | t

Locate the focus 2 units to the right. I

Then go up U units from the focus to locate (1,9 1 s ((3,3)
1. 2 point on the perebola. 1 '

Then go down 4 units from the focus to |
_ locate another point on the parabola. \Q_D

: y

The three points thus located are sufficient to ~ |} - - o
- -skétch the curves T : . ; T 2T '
E ATWAYS PLOT THE VERTEX AND END POINTS. OF THE LATUS RECTUM WHEN SKETCHING !
N R — |l

A PARAROL4 |
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EXERCISE 2

1. ¥rite the equetion of each perabola sketched belowt

(a) (b)

,0)

Dol B4
S 4

SRS I L@

(h3)

¢ 4

(oﬁ)
7

AV :

bonbsd

2, Find the vertex, focus, focel length, length of latus rectum, cquation of
directrix, and axls of symmetry for each of the following. Sketching the grapn
will be of great help.

() (x - 2)? = 212(y - 3) (v) (x + )2 by + 1)
(2) = By & o (d) (y + 2)2-= 20x
(e) ‘f’- - @) (y 3)2 - 10(x'- 3)

3. Changc each ‘of the following equations of ;ezabolas to the informational form,
(Here we go with completing. thc’aquare again') Identify the vertex of the

rarabola, :
“(a) »x +2X -y = 0 - ;" | "':(b') _:2:_:2' +lPx - 3y_}= ..6__
()2 <hix s gy =0 = . . (@YEPLI0p+ =0
(e.-)x2-2x-4y+5v--0 (f)y2+2y+?x=o

4, Write the equation of each perabola described belows
ST -7 A{&) Vertex st (2,8) and focus at (2,4)

(b) Focus at (1,1) and directrix y = 7.

- {c) Endpoints of the lztus rectum (8,4) and (0,4), perabola open down,
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(8) Zjuation of the directrix x = 2, and vertex (0,0)

(e) Focus (2,-6) , .eoxis of symmetry x = 2, and foeal length 2, (two solutio;

(f) Focus (-2,-1), latus rectunm endpoints: (-2,2) and (-2,-4). (Two solutions

e —

SECTION IIT THREE POINTS! YES,SIR, COVLD DETFRIINE A PLRABOLA ¢

The stondard form for = rerabola with vertical axis is x2 + Cx + Dy +E =0,

The standard form for = arabola with horizontal axis is yz + Cx + Dy + E= 0,

Hence, three points arc sufficient to determine the equatlon of a ;araﬁola with

a vertical or a horizontal axis, NOTE: No parabola is determired if the three

points are collincax,

EXAKPLE; Find the eqution of the parabola with axis vertical znd contains the
points (&,5), (-2,11), and (=&,2)).

Solution: The standard equation to use is x2 +Cx +Dy+E=0,
lie nced to find values fbr C, D, and E, to solve the problem.
Set up three equations with thrce unknowns by using the given.
16 +4C + 5D+ E =0
4 -2+ 11ID+E=0
16 -4+ 2D+ E =0,
Selve the above system of equations to show C = 4, D= -2
, ' .and E = 10,
Hence, the desired cguation is xz,e &x'- 2y +in = 0,

EXERCISE 3
¥rite the equgt*onc of each parebolz determined:

1. Contains the points (3,3) (6,5), ana (6, -3), and has a horizontal axis.
2, Contains. the- points (=2;1), (1,2), (-1,3) and has a horizontal axis,

3. Contefns ‘the points (5,0), (1,2) and (3, 1). Verticel axis, »
4, Contains the points (5,0) (1,2) and (3,4). Two solutionsr{'i=;f;1 -

TiATH ANALYSIS S‘I’UDEET"S GO OW TO SECTION Iv, & - .
ANALYTIC GEOMETRY STUDENTS- (1) Review the L.A.P.; (2) Take the Trial Run;
(3) Teke the test.



o -7 -
SECTIOE IV GETTING SOFHISTIC.TED

No new concepts are decalt with in thei section., Ve simply teke what we know

and make extended use in a varicty of situations., Rcview the concepts from the
previous sectlon and try to be crcative. Do not worry about a little brain pain?
EXERCISE 4

1. Find the equaticn of the 1ine containing the points on the parabola 72

whose y coordinates arc 2 and & respectively.

= Bx

Z a'v)'

- 2. ¥rite the equation of the circle which contains the vertex of the I.E..u.bOlc.
(X - 2) = b,(y + 1), =2nd is tangent to the latus rectum of the tarabola,

- 3. ¥rite the equation of thc ellipse whcee mejor axis is the latus:rectum of
the perebdola with equation (y + 1)2 = 8(x + 1) and whose semi-minor axis is
the segment from the focus to the vertex of the perabola.

L, L pe.mbolic arch has a height of 25 feect and a spen of 40 fect. How high is
the arch 8 feet cach side of the center of the spen?

5. Find the cquation of the parabola whose axis 1s pamllel to the Y-axis with
vertﬂx (1,3) end bontc.:ips the roint (5, ?)

6, Find the equation of the perebola with vertex at the origin, contains the peint
(2,3) and has its e.xis along the X-axis., -

7. Writc the equation of -each perabola described bclow. Theése . Iz:rc.bolas have
axes which arc not parallel to the coordinate axes and therefore do not have
such "nice"” equations, Use the the definition of 2 parabola i.e. the locus

~ of polnts which are equiiistant froxn & fixed point and 2 , fixed line, to -

. .create your solu‘tions. S ) - .

(2) Directrix x = y and focus 3, 10)
{v) Directrix y = -2x and focus (4,4),
(c) Di rectrix 3x.4 uy - 2 = 0.and focus (0,0).

8. Show- thot the circle: with the latus rectim of the pambola xF = l&py as _,8 -
diancter is tengent to the directrix, phidl oy e oF

. Prove that the ¥ines from the endpoints ‘of thée latus rectum ofa pura.bola to
the point of intersecction of the axls of symmetxy and the direct:r:ix of 'bhe
parabola are perpendiculz to. each other. : . - . :

SECTION V. o _ EVALUATION _

1, Review the L.iP, 2, Take the Triel Rin. 3. Teke-the test..

iy 2 e ¥ - B A . o
2y - = o >

S NAERE Ty B SV
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EXERGISE 1 1, (y - #)% = 4(x - 2); 2. (v - 8)% = 4(x - 4)

3¢ (x = 3)% = 4y - 3) bo (x-3)% = 4y -5 5 ¥ =16 6 x2 =1
7 ¥° = -8(x - 6) 8. x° = -8(y - 8) 9, y° = -20(x - 5)

10, ¥° = 14y - 2)

L (2} (7 - 3)% = 8(x - 2) (b) x* = =28y () (x - 4)% = 8(y - 2)
(@) (y - 3)% = A(x - 1) | e B s

2. (a) (2,3); (2,0), 3; 12; y=6; x=2. (b) (-1,-1)s (-1'0): 1; 45 Y = —25
(c) (o, 0): (0,2); 25 85 y= -2; x =.0, (a) (0,-2); (5,-2); 51 20; x = -5; ¥ =

() (0,0); Gumhg:ix=£sy=o(ﬁ(aﬁ:(a%z, 20; x = 4 y -

30 (@) (x+1)% =y + 15 (-1,-1). (b) (x + 1)% = g(y + -5).: (-1, - %)
@ -T2 -2 08 @ 6022 Gy
fe) (x - 1)2 "4 - 1) () (1) (r+ 1= 2x -1 Giews
b ) (x - 22 = -y -8 () -1 = a2y - ,

mcwwﬁ~£u-@ my=~&~ @(p4>=£@+wwr
o) (x-2)2n8(y+8); (£) Gy + 1)? =;-5(x+l) and (y-!-l) =6(x+2)

1. y -=-1+x-=-2y+9-=0; 2 5y + 2% - 21y+20=0; 3. No’ pe.rabo]a...collinea

L, 3x -16x+l+y+5-=0 a.nd3y -ll»x-lll~y+20=0

arnc*sm L

1. 5y hx+8 Fn pegn i, (x-?—)z'i'(?"*'é‘)z % _

5 27 Kylg 1)2 =1 W afesn. Sl - 2P 4G -3)
e 2

6 ¥ =2 x 7<w(x-a2+ﬁ lmz'g%iL

(v) (x - B2+ (y - B2 % :L_.ﬁ. (0) 2 i ¥~ (x %g» - 2)
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PARABOLIA  TRIAL RUE

I. Define: A, Psrebola; . 3. Focus of a pzrabola: )
C. Lztvs rectim of a parabola D, Axis of symmetry of a parabola

IT. Zivens {y - 2)% = 12(x + 3)

— A, Coordinetes of the vertex: __
é. Coordinates of the focusi

C. Equation of the directrix:

D, Equation of the axis:

E. Length of latus rectuns

e

J1T, Hrite the equation of each parebola described belowz
1, Focus (3,%) and c_irect‘*ix X =7
2, Vertex (C,4) ard lotus rectum of le'zgth 18, Vertical axis. (Two solutions, )
3. Vertex (2,4), axic of symmetry y = &, contains the point (-10,6)
4. Endpoinis of the latus rectum (2,-3) and (10,-3). (Two solutions)
5. Vertex (10.5) 2=a focus (10,0). - ,
. Vertex (5,3), focel length 2, vertical axis. (T’«'O solutions. )

I7. Change each of the follovirg standard@ form cgquations to the fnfornationzl
form. For each varzbola identify thc vertex and the focus. .

ly—Lfy+6uc-8=O 2.3x~9X=5Y',=2=A0
3.y—4y—6:;+11=o 48}{ +16x—12y+5’='0"

V. ¥rite the equetion of the pc.ra,oola which
1, Conualns the points (3,1), (2, o) (1, 1) and has a vertical axis.,
2. Contalns the points”(3,3), (2,0), (1, 1) and has a borizontal axis, "
3. Contains the points (3,3)s (2,0), (1,1) and has = verticel axis.
VI, Show by 2 diagran how a plene must cut a right circular double naPPCd cone
: so that the interscction will be a marabola,
ViI, What 1s the value of the queniricity of a payabola?

A FE‘-{ FOR WATH ANALYSIS EXERCISE

1. Find the equa»ion of -the line sthich contains the focl of the parabolas
2 = bx and x% —8y. '

2. Find the equauion of the circle wbd.ch has i‘i:s center at the orlgin and con»al'ls
K *ooint of inﬁerseciis-z of the grephs of ;f = 4x and X2 = by, - ) '

3 ﬁpymxima%e the measurs of the angle formed by segnonts from the endPOln‘ES of
the Iatus rectum of a perabola to the vertex of the parabola. . :

L, Re"e' iew “E:he Jast soc‘tion of the L.A.P.



FARA ECLA  TRIAL RUF ALXSHERS

II. A, (‘3:2);

I T

3.

54

3o

(2
(=

(xb

(r

(v

B, (0,2);
B2 = —p(x - 5)

)% = - %(x ~ 2}
10)2 = -20(y - 5)

2)2 = B0 T

2)2 = 6(x - %)

¥ 1; XZH“‘Q’X-.‘ y + LF’:O

32X - -y +6=0

VII. 1

DATH ANALYSIS

I.y=2x-2

,/ou-

P

2, X~ + ¥y

2

D, y = 2; E., 12

x? = 18(y - 5) end x® = a8y - 1)

(x - 6)2 = -8(y+1) ana

87 + 5)

o~
™
]
N
A\
N
fi

(x - 5)% = 8(y - 3) and
(x-5)°=8y-3)

G- -3

CRTVRE 0% )

R TS

32

3¢ 2 Arc tan 2, ’I’hisis approximately g™ _

]



