MATH ANALYSIS-ANALYTIC GEOHETRY .  SEQUENCES AND SERIES
LEARNING ACTIVITIES PACKAGE

BEHAVIORAL OBJECTIVES

I, Distinguish between

A, A sequence and a series -
Bs A coavergent and a divergent sequence
C., A convergent and a divergent series

- ITI, Give an example of

A, An arithmetic series
- B. 4 geometric series
1, Which converges ) -
2, Which diveTrges '
C. A series which converges by osc1llation

IIT Given the formula for the general term of a sequence write

s Any specified term
B, The first five terms of the sequence
- C. Guess whether the sequcnce
1. Converges
2, Diverges
J, If the sequoence converges, guess the llmit of the sequence

IV, Given a series in sigms notatlon-

A, Write the first five terms of the series

*3, Determine its sequence of partial sums

*¥C. Guess whether the series is
1, Convergent
2. Divergont.

*D, Employ the comparison test to establish convergence or dlvcrﬂence of
a series :

Ve Find tﬁe sum of a given arithmetic series to a specified number. of terms
VI, Find the sum of a given geometric series

A, To a given number of terms
B, As the mumbor of terms tends to infinity wher Lr\ LA

VII., Given a seriles write the series u51ng sigma notation,
VIII, Write a glven number of terms of
#4, A T-scrico vhich
1. Converges
2. Diverges

3 The Fibonaccl scqucncc
»C, The harmonic scquence

IX., BEvaluate the limit of a given expression in n as n tends to infinity



.*X. Derive -

&, The formula for thc sum of an arithmetic series

B, The formula for the sum of a geometric series

C. The formuls for the limit of the sum of a geometric series as n tends-
to infinity where trl <1,

*XI. Usc the Principle of ilathematical Induction to prove theorems about Series.

* Math Analysis Students only,

SECTION I SEQUENCES -

A sequence is a function whose domain is the set of positive integers. I tho i
domaln is the cntire set of positive integers the sequence is infinite, If the.
domain is a finitc suDset of the positive integers, the sequence is finite,

1 = gn = o = n -
Examples a(l) = 5 a(2) = 53 a(3) g i 5 05 a(n) AL C
) y 1 2 | -
For convenience we write: aq = 5 a.2 = 3 H a3 =L de o 02 < nF L e
1 2 | '
Or? even sho#ter: 2 3 s % 1o v e ¢ i T 1 s 0

. In an arithmetic scquonce a common difference exists between sach two successive -
terms. ' ‘ :

Exsmplet 1, 3, 5, 7, 9,;. o o 20=1, & s o (The common difference is_Z.)

In a geometric sequence a common ratio exists between each two successive terms,

Exanples 1 3, D5 2fy v 5 % B Bn-l, ... . (The common ratio'is 3.)

Then, we can make up all kinds of crazy sequences, A scquence does not have to

be either arithmetic or geometric. Some have no predictable behavior at all,

Somc have a defining rule, These latter, at times, allow us to make some interest-
ing observations of patterns, '

Look at the following cxamplcs of sequcnées. Study the side notes,

1. 4, -2, 3, JEi, 49 7ly waw (Hopcless! There is absolutely no
' ' : pattcrn to this sequence.)

2e: X5 25 B3 28, 126 = v (It appears that this sequence night be
' the factorial sequence, It is not

fair to put such a label on it, The -

next torm might well be -1, However,
here we will, Under the condition

that the sequence continucs as it is
we can generalize to say a =nl!,)




-3 =

3.1, 1, 2, 3, 5, 6, 33, ves (This is a clessic, It is call.d the
) "ibonacci Scquence, Each term, after thoe
first tvwo, 1s oblaincd Dy adding the tio

LLL_
terns preoceding: it. The next tern would
be 21 In general, a_ = a + a
: i B n-1 n-2
for n7> 2.

As n gets very largc, & gets very larze,

s 1
L

Such a scquence is said o ALIVETaG,)

By X5 <Ly Ly »L; 3y wie " (The gencral rule for this dull scquence is
' ' n=1
a_ = (-1
Q= (7 ,
No uniquc numbcr is wceached as n gets
very large., This sojuence is also said to
diverre. )
1 i A 1 :
S5e Sv =iz T Thg v e - (Very intcresting With good magic glasscs
and a little luck we sce that the general
n-1 1
term ( l) —
n +n
The scquence escillates. As n gets largc
and lerger; a, & gets closcr and closer to
4
0. Onc tinc larzer than O, and the next
tine enallcr thom 0, but cver getiing
closcr to 0, Such a scquciice is said to
converpe, O is the limit of the oCQUCHCb
as n tends to infinity.)
1 2 b ' :
6. 5: T %. g1 v e . (3ot bad, VWould you believe that

n

a_ = ‘For better insis zht we
“n 2n + 1 ° v
_ 4 il
dividc throuzh by n to write a, o4 i 3
1 5
n

In this latteor forn it 1s easy to sce tnat

oy thends to & 23 n gots very large, becauss

[
l/n tonds to 0 as n gets very large. This
scquonee -converres,  The linit of the
sequenice as n tonds to jn£¢ajtv is b

&
i
—

YOTH If the l\niL { an inTinite sequenec lg & receld nunber, thoe scquence ic o
to conv Ii cit Infinite scquenece doas not converge it is soid to

Study the 5oction crre 1y and then o on Lo the exerelses,



-
E/PROTEES 1

1: Uxite tho Tirst 3 torus of cach of thoe iolION}nb sequences

w4 1 g . o b B
o) oy =12 3 ®) o = 5D R i
. L Vn 1 . n-1 n? P
(d) d'n n (0) c..n ("1) nn (.L) L‘n 31’1 + 1
o Y
() a = n{z") (h) a "= (%)n

2. For cach soquence: (2) Write two more torms; (v) Cucss a formula for a;

.. (e) As n gets very large, what can you say about an?

(d) Docs the scquence converge or diveri?

[ 6 2 .
&, ‘é ' 5" 4 ¢ -.5 ? ° & e B, 1, lh D5 10, + 0
C. 2,14', 6, (/I ® e o D. 0‘.. ?, 26, 63’ e o
11 1 1-<-21 1
I 1, ar '51 Jo 2 & o e F-._I{,’; '8" T(;’ '3—:9: 7 ¢ o e
2 3 L . -
G, ’j’ Z;‘r 'év g: e o s g, 3, 5, 7, 9, 11, ...
R A : o . -
I. 72) :E)'; rgr T 1 v v s Je. 1, JE. ¢ Gy 2 ‘}5’ e s s
- . AP |
]{. 1' O; l, O, l, O, : & @ . - L. 1-’ ._.%,—’ -3—, ; 5’ ® 8 @ . s
XI. "'l; 1‘"9 “'1.: ‘8’ '—l., 12, Y 9 [] IQy O’ lOg LIY" log 7] 1] 1Og 13’ 8 -.. ;
3. Yhich of the sequences in #1 ares _
" (a) Arithnotic? () Geonstric? (c) Couvorben T ~(d) Divovgont7
(e) Honﬁtoﬁic incteasing? (Alh s getting biggor 25 n gets biggor.)
(z ) onctonic docreasing?

Ly Reseat #3 for the se equcneces in 2,

“ 5. ¥Urlie the f]lnv 15 tecrms of the Fibonacel Se ucnce,
J :

Rather that alwnys seying what about a, &8 n gots very large, the "big guys"

soy lin o o= e This is rcad, the 1linit of o

n T : n

n-ce

. %

s n tends to infinity,



&5

Cucos the. Jin “n for wcck or the Tollowing, (iiats divide towough by the
nyope
Test your ruess by

hishest power of n before attenpting to cvaluate.) | evaluating sonc lexso

O
valuecs of 1,

_1 1
fl| t-n s n B. C.n L i 2
i

1 n
C. < = e—= e < B e
T3 DT me3

3n n® 4 on 4 1 .
N n + 2
: ¥ 3u” + n

(2
. .
o
I

3 2 2
i )
e z_i._h.g__ H oa_ = B_Z_L.?l}_i_.,l_
tn” + n ' : Do n“ 4+ n -1

I, a_ =

' 6n ’ ’ : 8 {:ﬁn ~-1)(2n ~ 1)n
J. a L 6
no k1 ' % 'n3 B

1

r ~ = 10f' _..._.:ffv_k.._“. E L a = nh‘
» (A% o e
° 0 °n -1 : . by}
i sin nar + M cos nm + Un
P I Hy & B ==
n n-1>1 n .on 1

SECTIOE#EE ARITHIETIC AND GROIIETRIC SERIEZS
A series is the oxpresscd sum of o sequence, So, for the sequence: 2, &, 6, 8,...

'2n, the corrcspondinsg scvics s 2+ 4+ 6+ 8+, o . + 2n. - Using signe notztion
: & &

M
this scrics con be writien: EE: 23 ' ’ :

o=

A Finite serles is the cxwpressed sun of e finile scquence,

Bxanples 2, &4, 6, 3,10, The sewies is: 24+ 4 + 6+ & + 10,

T2 sisne notetion 1t ist :;_ 2n,
' n=l

Ju infinite series is the exprasscd sun of on infinitc serics. TFor the above it

wvould bot 2+ 4 4+ C4+ 84, 44 s

Uslng signo notatlion wo vrite: Z 2n



-6 - | _

I a scquence ics &riuhﬂb ic,z0 is its corlosnoudlng series, If a scquence is
geonetric, so is itc corresponding scrics, .

The two old faithfuls, cerithretic and pconcvric, sorics have hendy formulas to use
to deternine the suns, : ’

'ARI ”dFLIGs Examples 2+ 8+ 6+8
846+ 4+ 2 (Writc it beckwards,)
10 + 10 + 10 + 10 ( Add, tcxm by tom.)
So, the cun is: -§~;9 . Uc aivide by 2 bocause we h@VC reglly
: scd the serics twice,

In gonéral,‘an arithmctic serics looks like thiss

s =la 1J +[(eq+ d) ]+ |+ [(~ + zd)] (o) + 3a)J+ e +[(a1 + (n—.l)a)]
Y \“\~ ‘ Y

s ofe; ;’(n-l)d_! [(q * (nn)d)J m(n—_j)d)]_+ —_ +[a,]_

- . OR

Aads 28 ; (22 g & (1~1)d) + (zk + (n~l)d) + (Za + (n—l)d) + ...+ (Zal + (ﬂ'l)Q)k;

SIL 20 = n(2a1.+ (nel)d)

. n(2a1 + (n-1)a)

1

Heonces -

1§b)

In an arithretic sequence, én =oag + (n-1)a

.

7.

Hith the above substifuiion, we can gonerate an 1tcrhate formula for the
» [:
suai of an arlthuctic serics, It is

n (:..1 + b.n)

n 2 -

Both of thc above formvlos arc wonth remenbering. Hath Analysis students be ab1C '
to derive thepn,  An infinite arithmetic serles connol be sunmed, As n—>oo,
50 aoes S, : ' C :

n



-
for a geonctric scricss
Sn =&
- 2+ , L.
Thent 15 = al(r) + al(r ) + al(rB) + al(r )+ ... Fa

+ ay () +ral(r2) + al(rj) + ai(ru) A al(rn—1>-
1 ré—l) + al(rn)

, . n
Subtracts Sn -r5_ = aq al(r )

_ . n : : - 5
Motice, when Yr}<1, 1in r = 0, Hence, if a geometric serics has o ratio et

m I ) .
such that |r}<1, the serics has a2 sum, even if we consider an infinite number of

teins!

(’j“ )
h | For |xlel, By, = T
¢ .

1

It =cems incomprchensible that adding an infinite nunber of tcrms lcads to a |
fi5-%¢ sine :
" T can't bcliove that,' saild Alicc,
" 'Can't you?'! the Queocn said in 2 pitying tonc, 'Try againg draw
a long breath and shut your eyes,' |
"Alice lauvzhed:s "Therc's no usc trying,! she said; 'one can't
belicve impossible‘things.'
ne 1 darcsay you havcein't had nuch practice,’ s2id the Queen, 'Vhen
T was youngcr, I always did it for half an hour a day., Vhy,
somctimcs I've belicved as mony as six impossible things beforc
- breakfast?'® THROUGH THE LCOKING GLASS, Caxrroll

. - g -

Actunlly, we can't properly spcak of the sum of an infinite scrics becausce we .
-could ncver complete the job of adding the terms. The sun of an infinitc serics is
the 1linit of the sua of the scrics of n terms as n tends to infinity, '
P " Lo n gyti=l.; : ; -

or instances 1+ 4+ 4+ . . o+ (5)"+ ., . . ncver gets beyond 2, The sun

of this infinitc geomctric serics is 2, Such 2 scrics is sald to converge.

HATH ANALYSIS STUDENTS: 3c able to derive both formulas discussed on this page.




EXERZIIC 2

1. The following =zcrics a~re cither *rlthbntic or gecnetrie, Continue cach through

6 tcms. Write the resulting series using signa notation,
Ay S+b4+2+,,, Be 3406+9+ ., ,
1 1 1 1 »
Cl"“ o zn a @ e/ = = o o e
) + + i + : D 3 1+ 3
. A
B, a2 +af +a04, ., CF.i-l-did4,,,
G L+ T7HI0F . ., COH, 22+ 17+ 124, 4

a - PR . - - - . . 5 e e
.

2. If ¢ is the arithnetic necan between a and b then 2, ¢y b form an arithmetic
segucicec,
If ¢ is the GCOﬂbf?lC ncan between a and o then 2, ¢, b, form a goonotrlc
sSCQuUEncoe, .

Find -he arithnotic msan and the r@omotric nean for each pair of nuibers
civen bcLovx

A, 16 2nd 20 . B2 and 9 L C. -4 and -8
D, 1l-and 1 E, -4 ona 8
3. A. Prove that the arithnotic necn botween o and d ig & ; B .

3. Prove that the geonotiic mean between a and b iz yab,

4., Find thc ‘sum of cach of the following scries o
Ly ' 8

A. Z'(Zn + 1) S 3 (27 ¢ S (& - 5)
- el n=1 R RIS - L § "
D, Z. WH™ E. = (bn-6) - Fo > 6 (%
n=1 ‘ n=1 n=
. | \ | .
T ) k . k.
: Gz (zn ~1) - 4, > n w Ie 2> 3( 1 =%

n=1 n=l : n=L

5. Eow many tcmns of the
give a sun of 123217

&)

wyoof b+ 3v+ 54 404 (Zn—l) + +s. arc nccded to

. 6, Yhat distance will o oli bell trovel if it is dropped from a height of 72%,
and if, aftcr cach foll it rchounds .9 of the distance it fell?

7. Find the sum of thoe cven integers fron 10 to 58 inclusive,
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8., An cquilateral triangle has a perimeter of 12 cmy By joining the midpoints of
its sldes with line segments a new trlangle is formed. Suppose this is
continucd for cach ncw triangle formed, Find the sum of the perimetcrs of all
trienglces including the original one,

9. A squere has a perimetcr of 40 em. By joining the midpoints of its sides with
line scgments a new squarc is formed, This is continucd for cach ncw squarc
formed. Find the sum of the perimeters of all squares including the original
onc, Find thc sum of the arcas of all squares including the original one,

10, Circles A, 3, C, ... arc internally tangent at point P. The diamcter of circle
4 is 100 cm.y and cach cizcle has respectively, a diameter equal in leongth to
onc-hzll the diameter of the previous circle, Find the sum of the circum-
ferpness of w11 Bho cireies, '

11, Prove cech of the fcllowing using the Principle of liathematical Inductions

‘ n
2 : n - 1
A, i(z,)—--)—*-n B-Z(33-2)=‘£‘3‘rl‘é‘“‘l
J~l J=L .
2 82 n
55133 = ﬂ_lﬂniLég—r D, (3#38) = (n+1)! -1
. =1
SECTION 171 TERLTD P CONVERGENCHE AND DIVERCENCE O SERINS

HATH ANELYSIS CHLY,

A ncecssaxy, bubt not sufficiont, condition for ihe convergence of a series is that

AR Ja L)

the lin 2, = ®. s n 7ots vory large the torms must get cleser and closer to zero,
Mo o0 X 2

If lim 2 +# 0, then the series diverges. If lim a_ = 0, ve carnot conclude that
m>co a m>co

the sewles converges!  Sorry ahoul ihat!

Tie comporison test is often employcd to cstablish convergence or divergence of
o covics,
"1, If a given series is term by term smaller thwn known scrics which
COHVCf”Cu, the given scories converges,

2, If o glven scrics is tcrm by term larger than a Inown scrics which
Gl crges, the given serles diverges, ‘ :
One can also study a given scries® sequonce of partial sums. The-l%g} of the
’ : mcc
soguence of particl sums is the sum of the series. If thc scquence of partial
csumg diverges, so does the scrics., If the limit of the scquence of partial sums
1s some finite number, that number is the sum of the series, Such a scries

——12 D

CONVITECS,

£TUDY TEZ FOLLOWING EYAHPLES:
1, sm1+?+3+4+. 8 & TEBL e

an%v3ﬁ a3 n->o>, Since it is neccssary for converi—<ince that the nth tern
tend to zero as n tends to inflnity, we conclude that this ccriﬂs divergces,
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2 ssl+%+%+.e.+(5%%a.,

This series is geometric¢ with r = 4. The series has a sum of 2.

Henée, this series is said to converge.

L

: 1 1 1
3. S 1+2+

+E+...+E+...

Wi

The above series is called the Harnohic‘Series. The hezrmonic series divorges;

The ¢ivergence of the harmonic scries is not immediatecly apparent, Proof is
¢dven below, The harmonic series is often uscd in the comparison test to

cstablish divergence of a given series,

P i,1,.1.1 1 1
S 142ﬂ(3+L})+(5+3+?+8)+(9+...+16)+...

1 3
Bel+zd et (a number > 1) + (a number > 1) + . ..
S>1+3+3+%1+, .., , _
Consequently, the acries diverges, because it is greater than another series which

civerges, Yhy does 1+ 3+ 3+ $+ . . . diverze?

L!’l 5=1+ L +l + L + a0 e +""}—-"'+- o @ for P>l
pP 3P P - 2B
S =1+ —3—+—1—-)+(%L+~t;5+1+—1—5 +(—-1—'+...+—1‘-)+,,,
S <1+ (~l— = )+ ( I TR S ) + (-l— e s F —l—) + 0 b e
oP > LP LP P yP gP
s <1 + 2 +' b + 8 + e o s

S<l’+' 1 + 1 + l +l0l'

ot AR N B

Henco, S is sméller,than the geometric series with aq = land r = 1

For » > 1, Ir](lq henée the geomotric serles converges and the above serles vhich

1s saaller must then alse converge,

Any scrics of the forms 1 + . + ~l4-+ e s o T L., y 1s callecd a p-scrics,
2P 3]? nP e
Thcgp-sorics converpes Foxr p 2> 1, The p-scries diverges for p £ 1,

Diceuss with your tcacher and/or other *ricnds why thoe p-scrics diverges for I)f?]d
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= + L + L + + L o+
T-272+373 7 "a@+1) "

his serlcs converges. 1t is not directly obvious that .this is so, The

5, S =

nth torm tends to zero as n tends to infinity, Hence the necessary condition
is satisficd. Howcver, that condition is not sufficient, Consider the

sequence of partial sumst

1
5172
R -
52 2787 873
' 1 2 i 9 3
= 4 — = — —— =
Sy =S v =3t T2 &
= 1 3 1 16 4
= + == = _—= = === =
Sp =83ty L Y%7 207
g = This is a generalization. It can be proved using the

o
n n+ 1 ; g N .
Principle of Hathematical Induction.

5 n . : : .
lim e sy Hence, the sum of the series is 1. The series
PG converzes to 1,
EYERCISE 3
1., Each of the following series. diverg because: (1) lim a, # 03

m- o8 K .
(2) It is term by tecrm greater than the harmonic series; (3) It is gcomoﬁric

with |r| = 1; or (4) It is a p-series with p < 1.

C¢ve a valid rcason for the divergence of each of the following sexriess

. -1 o
1 1 - 1 Low-Lr 3 1,32
A, 1 + — T o @ e + + e e e Be =2 5558 + . e v+~(> + see
= 3_1 n]_ A3. 2 4 3‘2 _
Co 64+ 12+ 24 + 40w + 5(2)77 Lo, ’ D.2+.1+—§-+...,+—;2;+..e
. o - |
5,10 : n-+ 1 3 1 1 ok
E. 1+8+l8+ L ] @ + 2 + e 8 8 F!‘ .9+ 1.9+ 2.9+ e e 8 +1_1 - "l+83l

2n
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2. Identify each of the following scries as convorgeat or divergent, Justify
your answer, ' ‘

5372, 1yn-1 .1, .1 (1)L
A- 1. + 2 +.4 + & o o °F (,_) + & e 8 Bo AL + 8 +B+ s e ¢ + (g) t o e
R T | 1 P! ES
G. 1 - 2 + 3 +E+ e o @ +.n T e e @ D, 1+ 3 + 3 + s o s F 3 R
2 3 n
2 L & 2yN -
e = 4 = o == 4 6 @ @ — ¢« o @ ° + s & e e o @
E 55+ 3 + (3) + Fo 2+ 4 + 8+ 16 + 2n +
1 1 1 +y2n-1 1 1 1
G' =k as sk mee ik 5 5 5 (s + s s @ H. Lok = o o Bt RS E  a e
2 3. 32 (2) V2 43 \n

3. Bach of the following is a geomctric series which conversges. Find the number
to which it converzes.

' , 1yn-1 1,1,1 1yn
EO"‘I”+2+1\+DAI+L,'(2) +:.s. B.3+9+27+000+(3) +"'
Co o7+ 074,007+ 4 ¢+ 1)+, ., D.z+~§-+§+...+2(%-)n"l+o.,
B, b7 + 47(,01) + . o .+ 42(00)% Y 4 ... B o3 -1+%——%+ e

L, For each of the following determine: (a) Sl’ 82, 33' and SQ} (b) Sng

{c) lin 8,8 (d) whether the series converges or diverges; (e) the number
m=3 02 i )
to which it converges if the series 1s convergent.

A.l+%+%+au-+—'—2‘"—‘+--u Bul+l+§%+g-a+;"—l‘"+eca

n~ + n Sf" 4n® - 1
2 ;
C-g’*'-g'{'iéz'*'o.o’b-é‘i_'}'ooe D!%-{-g+%+lol+§w-*2;-l}.;‘];4'lll
B-l+2]?+2'£+-oo+_~2‘"]'9“‘—' +o.oFo%+%+"};+an-.+'_2_l'_+--o
: ' 9n” + 3n -2 : n-+n '
R R, 1
il 13 +3-5‘_" wow ¥ (2n - 1)(2n + 1)

SECTION IV, ' _ EVALUATION
1. Review the Behavioral Objectives.,
. 2+ Tagke the Trial Run.

3« Take the test,
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SWERS

EZZRCISE 1

g

ﬁniw (d) JE; —%— f %

4 1 1 1 1 2
(v) 5% 12 (c) T;“ rfg' T

/ llg (a.) 2, %, '3"

()1, -5 & (D4 7,10  (g) 28 2 (h) %, %, %
1 1 |
2, he (a) lg ; “% (b) n3: 1 (c) tedds to 3 (d4) Converzes
B. (a) 25, 36 . (b)‘n2 (c) gets lérge : (d) Diverges
¢, (2) 10, 12 (b) 2n (c) gets large () Diverges
D, (a) 124, 215 (b) nd -1 (¢) gots large () Diverges
E, (2) %, % (b) % (c) tends to O (4) Converges
# (2) 3%, ~i%§ (b) (%)n+l (é) tends;?o 0 (da) Converges
Ge (a)»%, % (b) %ﬁ$~% (c) tends to 1. ‘(d) Converges
He (a) 13, 15 (b) 2n + 1 (¢) gets large . (d) Diverges
L (a) 1L i% (b) Bnn—.l (c) tends to % (4) Converges
¥ €a) {g; J;. (b) Voo (c) gets large (a) Diyerges
K. (a) 1, 0 _ (b) & + %(-l)n—l (c) ocsillates (d) Diverges
Lo (a) - % % () A1) (e) tends to O (a) converges
Y. (a) -1, 16 (b) -1 for n odd  -(c) oscillates . (a) Divcfges
2n for n even
N, (a) log 16, log 19 (b) log (3n - 2) (c) gets large (a) Diverges
3. () £3  (b) hy (c) 2, b, ¢, d. e, bj (@) £, g8 (e) ¢, £, &

(f) a, b, 4, h,

4, (a) G, H; ‘ (b) F; (¢) &, B P, ¢; I, Ly (a) B, G,.D, B, J, K, . H, N;

- (c) 4, B, C, D, G, H, J, N; (£) E, F, I.

5.1,1,.2, 3, 5 8 13, 21, 34, 55, 89, 14k, 233, 377, 610, . . .

1,
8 -
I. Os Js 3; K. log 2; L, 1; 3. 4; N.Lf.

6, L, O; B, 0; G, 0; D.1l: E, 3; F, c. 2; Ho 1



EXErBISE 2

1, 1+ 3+ % -8B, 12 + 15 + 18 G 1l++ 15+ 16
L 4 L
D, -9 + 27 = 81 A R Fo 144 -1
Go 13 + 16 + 19 Ho 7+ 2 -3
1., Signo notationt
5 6 ; 6
. = -
e 2_8()t 3.5 3n c. = (" D. = (1)) ?
n=1 n=1 n=1 n=1
6 -, 6 6 6
E. > a Fo > 1 Ge > (30 + 1) §(5n+27>
n=1 n=1 n=1 n=1
2, Arithmetic moant A, 18; B, 2—53[21~; C, =63 ‘ D, 1 E, 2
Geometric means 4. zidf%; B, 3‘%[~: C..-b~f§; Tw 1 E. No G.H.

3. &y Lt d = the common differcnce, and x be the'arithmetic mearn,

Taen, a, X, b is an arithmetic sequence, b =a + 2d; x = a + d.

: - a - +
From b = a + 2& 3t follows that 4 = ELE——u Hencer x = a + EEQ = é“§~2 B

Bs Let r = the common ratio, and x be the geometric mean,
m 2 ) ; 2 o
Then, o; X, b i1s o geometric sequence. b=a + r7; x=2a ¢ 1,

From b = & * x> it followa that r = jE; Hence, x ='a s ng =3 * f—"=\[;g . -

. L1885 B, 45 €. 176; D, g3 E. 2310; F. 2 - (P 6 K
2

k
E, ,I.‘._....__I}. : T, QL];‘_.B_E.
Z =
e 111. ) 6. 1368 inChCS. 7;850. 8. 21‘" Clile

. Perincterss £0 + 40~f§ cme; hArcas: 200 sq. cm.
, 2001 cin,
_ n :
, Prove V. S (25 - 1) = n?
0 /3'_:_“]'

1-- . . .
(1) S (2j-1)=2°+«1-1=1; 14

J=1

“ll

Henee, tho thcorem holds for n = 1,
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I

Snd

(2) &ssuncs Z_ (25 - 1) = 1:2
Il
Tt k ' '
(2j¢~l)ﬂi(2j=—l)+2(k+l) -1
=%+ 2(k+1) -1
= k% 4+ 2k + 1
- kil , 5 '
=_ (2§ -1)=(k+1)
1 ' |
k A gi} . »
Henect > (2§ -1) = k" =3>_(2j-1) = (k+1)
J =l =
. n 2
(3) Conscquently, by (1), (2), and the P.I"I.I.,\J/I1 >-.(25-1)=n
J=1
EXERCISE 3
1. 4. (1), (2), or (4); B, (1), oxr (3); ¢, (1) or (3)s
e (2): B (1) =i F. (2)
2. L, Convergents Geometric with | r)<l; | B, Convergent; Geomotric with | i<
G Divergent; Hernonlic sericss ‘"D, Convergent; p-series with p >1.
E, Convergent; Geometric with }r](l; F. Divergent; Geometric with (x| >1;
G. Gonvergent; Geonetric with |r[<1; H, Divergent; p-series with p<4l,
L 3. 5 L, b, . . 700, 9
3; b g 89 Di 29 Ca 99 D. 3, D. 99 "Pi. Fl L"
L g 2 4 68 Ly _2n :
o (2) 1, 3 '2:, 55 OT 55 3y I» B 3 (b) == (c) 25 (@) Conv,. (c) 2
6 9 &b 3 6 9 12 _n ) 3
B' (8,) 1’ 57 7) 3 or 3} 5) 7! 9 (b)zn 4 1 (C) 2 ? (d) COnV' (C) 2
10 15 5 10 15 20 5
""3‘_; ”ﬁs L or 'é) "’3‘» '—2%1 "-5 (b>ﬁ"i (C) 5 <d) Conv, (C) 5
Ly 16 n? -
3 19;, 5 | (b) 3 1 (C)‘OQ (d) Div, (e) ——-
- 12 5 12 N :
2. %. =g or %, 30 ‘1%., =z (b) 53:2‘—1‘ (¢) 3 (a) Conv, (o) 3
2.3+ ' _n pl 1
5’ 70 9 (b) zn + l (C) 2 (d) COHV@ (O) 2
515 )0 5 1905 20 (b) 5w 5 I
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GENERAL SUMMARY

To determine whether or not an infinite series is convergent or divergent,

check these conditionssA

CONVERGENT

The series MAY BE convergent if

if lim a =0
n—»o°

~The above is a necessary but not

‘a - sufficlent condition for convergence.

If linm
n’?éo

estabglish once of the following for

proof:

a, = 0, then you need to

1. The series is geometric with
{rl<1 (The serles has a finite
SU.H}. ) :
2. It is a p-series with p > 1,

" 3, The series is term by tern
. by
less than a known serles-which

Coviierges, 5
4, The limit of the sequence of
partial sums is some finite
(This finite number is

the sum of the series.)

number,

DIVERGENT

' The series is divergent if any

one of the following is true:

1.

2

The lim &, %40
n-»00

The series is geometric with
| r\fﬁl.

The series is a pfseries
such that p£ 1.

The series is term by term

larger than a. known series

which diverges.

i~ The series is the harmonic

T , 1001 .
_ seriess 1 + > + 3 4+ 5 o

The limit of the sequence
of partial sums of the
serles tends to infiﬁity.



-
’, -

~

MH AVALYSTS-ATALYSIS SEQIENCES AYD SEKRIES

I.

TRIAL RUXN T

Iatehing, (Give all corrcct matches. There can de iore then one letter cholice’

for cc.ch number choice.)

1 -
1, a = & A, A convercent scqueilce
24 i B 211 : 3, A divergeat sequence
302, =3+ 1 * C. An erithuctic sequence
1 Iyn '
ve & 7 15) - D, & (COﬂet"ic sequonce . -
i ..
5. a = nl - . " B. A nomotonic incressing sequence
(’8 for n ods .
B, a_ = ‘ - : F. A monotonic decreasing scquence

n 1 .
© {5 For in even

7ea, = (“i)n (pa -3) " G An o~0111ﬁ ing sequence
8. = = log (2n + 2) | H, lim o = 0

IT.

11T,

Iv,

=2 oM 2eR

()

; S : " . = .
Write ezch of “he followinzm series using 2. nototiont

1o LT E 4524 5% 2, .3+ .03+ .003+. ..,

- = el
7 ~ : 5
3 L Q“;‘ —}. (—:3;-’- ’}‘ :-G;_;- .*‘ . —‘-’—-3—‘ + k 8 L] B = l:' 8 l .‘— 22 _i‘ 3J .{- L] 8 3 + 1 910
3 o) A
5. log,3 + log,5 + Legg? + o + o+ log, 2l G 1+ 2+ 6+ 20 + 120

Tel-24%3~b+5-86+7,

Veite the Tirst fou terms of each scquence defined below, Determine whethex
or not the sequence converzes, If the sequence. converges, tell the number to
which it converren,

- 1 3n -+ L '7 'Re:! . i
: . : . : . T
4, a_ = log lQ&_%;L o, (-1)" (2n) ™ 6. 2 .= (& +,l .

Fst juiy

Evelnate ecach of the following:

i ‘
1, 11 2oEE 2. lin — 3. lin (7 62 1}§%.“ 2)
MY S -~ n M3 1~ m7 a0 AL

NN Ny o BY - ng
L, 1in 8(;?(A as 2‘%" 2%;} 5, iin (a2 + 1)1
In

M T e



3
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V, Defincet Arithnetic Scquence Arithmetic Series; Geometric Sequcnce;

Geonctric Sorics,

VI, Evaluate cach of the following: ‘
1. Given an arithmetic scries with al =3; n=50; and 4 = 4, Find 850a

2o

3
4,

7o

Glven a geometric series with r = 2; aq = 1. Find SlO'

Given an arithmetic scries with ay = 13 and aqp = = 15, Find Slza

Pg“ (?n - 1) = 5 ?22'3(1‘-)“ = -6 < _m
iy =t =

o 10 11
LI e 3 (-1)(2) = 9. > (-1)%(2) =

=l n=]1 n=1

VII. Find the arithmetic mean ard the geometric mean for each given pair of numbers

1.

6 and 22; 2, =4 ana - 44; 3, 1 and 2 L, mand 2m; 5, x and y,

VIIT. Write the first 15 tcrms of the Fibonacci Sequence.

X, 1.
2,
2

b,

MATH LWALYSTS ONLY

Find the sum of the even integers betwoen 102 and 204 inclusive,

Fiad the sum of the first 500 odd integers., )

L tell is dropped from a height of 4 £, Each tine it strikes the ground
it rebounds ,75 of the distance it fell. Fiad the total distarce traveled
by the ball,

Given a scuarc 2" on a side. 4 neow sguare is inscribed in the glven square
by joiring the midpoints of the given square, This process is then
repsated to form another inscribed square, ¥hat is the sum of the
rerincetors of all possible squares formed? . What is the sum of the arces
Of all possible squares formed.

~

Xe Write the first 8 terms ofs

1,

3-

Thc harmonic series, 2. A p-scriecs which converges,

A p-series which diverges, L, & geonetric scrics which diverges, .

XI. Prove that the positive geonctric mean of two positive nunbers is lcss than
or equal to the arithmetic mean, ‘ -

XII. Describe cach of the following scries as convergent or divergent, Give

a

rcason for your answer,

.1:. 2 2 L - z 2 yn-1
1. 2 k2 3 + 4 + e o o °F n + 1 e & e o Lo 01 oy .Ol + 0001 !"-cca ot (0—1-) +r\|-
3, l T 1 + 8 8 o + e s e s L;'- 3 + ‘23' + 1 + 'Z‘ + e o @8 + P e 8 @



_!9 -
XIII. Dotermine whether cach of the following scerics converges or diverges,
Use the nethod of the sequence of partial sums., If the scrics converges

(rt(rnin(, the numbcer to which thec scrics converges.
sl L

: =
Z— (n + 2) (n + 3) 2°Z (2n -3)(2n ~ 1)

n=1

:? -
T 1) o = 1)

-XIV, Prove cnch of the follewing using Fiils

n
1.\/ = S \7( Z(lm+l)=2n + 3n

-’-j'i' J(J-.—l) n+ 1 =7
ANSTTRS
'I' lg An, F., Hl 2. B-, egg El 3. Bl, éu] Et l L,"o Al, Dog F" H
5. B.' El 6. Be, G’l 7. 31' G. ) _8. Bag Ea
S S e 5 S EEL 2o
II l e 2. 3(.1) < )a - n " 2 u’s 2, n
=1 ® n=1 n=1 . n=1
10 IR - 7 "y
B¢ > loan(2n + 1) 6. 5 nl - 70 > (-1)7 7 (n)
"l=l n= n=1
III, 1, Convcrges to O, 2. Converges to 3; o .'3. Converges to 0;
L, Converges to 1; \5. Converges to 03 6. Divcrges.,
A 3—0 e “ l- _8_.
IJ. l. 59 2. O, . j. Eg L;'l 9] 5‘ Q'
V., Scc LAP, ) .
VII' 1. 5050; 2 1023; 3. “'12; ' L'f. 6}“!'.; 55 %; §s 10g653
5 ,
e 53 8- OB' e Lo
AU = -
VII, 1, end 2 {33 2, =24 and -4 V11; 3.2 ana VZ.
by 2 ond wi2s 5022 ana 3y for xy 30

VIIL, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, €10

IX. 1, 7958 2. 250,000; 3. 28 foet;
L, (16 \fé) inches, 8-sqs-in,



1,1

-1 - g

1 1

+ 1 + 1 + 1 + o+
2 "3 L5 "8 "7 7B

2. Any p-series with p > 1.

3. Any p-series with p < 1,

lis Any geometric serles with jr[ 3 I

XIs Given a2 0 and b3 0

XII. 1. Diverges; lim a_ # 03

5. Tiverges; p-secries with p {1.

XIIT. 1. S,

2. 85

3+ S

i

—

Azsumes: ¢ abh

Then: 2{ab <

Ly b

0

0

I

! 4
s Bhdw ab 4 2252
=~ 2
-, a+ b
Za+ b

D

Since (a - b)“> 0 fer all a and b, reverse steps for proef,

Ny

S

{7,

P

2. Converges; gecmetric with {r

the harmonic seriesa

; , ,
= 3 QOonverges to 2.
= .

an + 1 ’

_MATH ANATYSIS STUDENTS:

Converges to Z-

Diverges .

1
2.
3.

] h-

Y

The sum &f an arithmetic series.
The sum
Finding

Finding

| " De able tu derive-the formulas for;

sf a geometric series,
the arithmetic mean between two numbers.

the germetric mean between %wo numbers.

. Diverges; term by term greater

ol
L

ge}

an



