Math Anslysis g 3 ' i
Trigorometry s W, B, I. P, THEOREMS L.AP. 7
Learning Activities Package ' - B I S I -

Suggested time: 3 weeks _ ‘

This L.A.P. is called W.H,I.P. Theorens because it ooncer’ns | steeif with theorems
that you will find ¥ild, Handy, Important, and Powerful. (1t is alst called WHIP
because it might be peinful and tedious.) However, when yot have nestered it you
will experience the usual sheer delight' : - 6

'BEHAVIORAL OBJECTIVES g
I. Memorize each of the following trigonometric theorems!

A. The even function relationships
1, cos (-8) = cos e
2, sec (-@) = sec @

B: The. odd functlon relationships
: 1, sin (=8) = - sin © ’
2.ta-n"g=""ta-‘ng
- o8¢ :4=8). = = CBC e. . :
L. cot (-6) = - cot @ g o el 4 e

C..The'PY%hagorean Tdentity! sinzg + cosZO = 1 4 g e i fo =4 o
D, The addition thcorems cos(6 + ¢) = cos © cos é gin © sin ¢ e o

E. The half number the
- - cos ©
1. sin 2 =+ ~ff——7?f—_—

2. CO8 % i ‘l;iEEQE_Q

1I., Be sble to prove. each of the following trigonometric theorems
A. The Pythagorean identitles

2.
1, 5%, cot 8 = csczg
2., tan 9 + 1 = secze

T e

L B. The half—number theo & <in ©

¢. The addition theorems '
1. sin (6 + #) = sin @ cos § + cos @ sin g
2y cos (G - ¢) = cos © oos’ﬁ + sin © sin ¢

%3, tan (0 + #) taz’g + tan
1 Ttan 6 ten §

"

D. Supplementarv nunber theorems
1, sin (7 +:9) =+ sin -2
2, cos (7 *8©)
3, tan (7 £ ) = * ten ©

- cos @

*Optional for Trigononetry coursc. Memorize them though you need not know how to
prove them.



E. Compleméniar? nuggéf@éﬁeo}éms“ = i, riia eiaies: f "
1. sin (JZI -+ G) = coSs g e T e e L iy
2. cos (JI s Q) & sin o]

. *3- tan (%E + 9) f_+ cot é e

'||

PHE
%

*F: The double- number thgorgms ey

1, sin 20 = 2 sin @ cos 6

2. cos 20 = 00529 - sinZG

3. cos 20 = 1 -2-sin29

L4, cos 26 = 2 coszé _ Iﬁfii% ' ' -
5. tan 20 = 2 tag e : e Tt :. ,’”ff
| -1 - tan™ © 5

III. Be able to use the basic trigonometric theorems to -solve problems as-in
Section 8.

P.S. The more of the hasic trigonometric theorems that you mamorize the freer
you are to procede. Continue to. become more. and more. at hone with then..

THE PYTHAGOREAN IDENTITIES

SECTION I e
(x.y) For any ordered- pari (x,y) on the unit circle
: b) by the Pythagorean theorem:
' G CREfe

hence, it follows thatx
(sin 9)2 +(cos 9)2

Or, i,_guﬁzgmazz;JmﬂaL_onl
sinZO + 00829 =1 (1) .

v

By dividing fcach term in (l):by-sinZG it follows thatl

1 - cotZG = csc29 for o f kT’ (2)1

By dividing cach term in (1) by cos° it follows thats

29 +1ls= sec29 for o # 1————IZL (3)

tan

ASSIGNMENT s
1. Hemorize (1)
2. Be able to derive (2) and (3) from (1), Include résirictions,”anﬂ'know why
they are important;.
3, Identify each of tHc following as true or false for all real values of x
for which the functions are defined: ,
>

(2) esctE = 1= cotx (b) 1 - sin“x

I

2.aia
cos X

cotzx

2
(¢) sin®x + B B = cot?x (a) 1 - cscx
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(e) 2 sin’x + cos®x =2 it (%)Qsp?x - seczx = cot®x - tgnzx :
(g) squx -:tanzx = 1 ‘, : v . : (h).éinzx + coszx.+.cot2x =_csc2x
(ij sin X + cos x =1~ L (j)'z +-cot2x % tanzx = csczx + ggczx
(k) apeg L 1 = sin’x (1) singx;iflAé‘;yEQSZX'

(n) sinux + 2 sin®x cosox + cosbx =1 (n) tanzx - sec?x = REO % cot X '

(0) sec™x - tanzx = 2 - sin’x - coszx

gETION 2 ODD AND EVEN FUZCTIO¥S
Study the diagram on ths left.

Notice: ;
‘sin (=@) = - sigPe (&)
cos (—b) = cos © (5)
Jtan (=) = - tai @ (6)
csc.(-8) = - ¢csc @ (7)
sec (-8) = sec © (8)
“cot (-8) = - cot @ (9)

If £(=x) = - £(x), then'f is an odd function, Which of the trig functions are
odd? : , } : ‘

If f(-x) = f(x), *hen T is an even function. ¥hich of the trig functions are
even? : ‘ . ' . i

ASSICYHENT:
1, Be able to identify each trig function as either even or odd.

2. Inow theorems (&) - (9) in your sleep. Also know them when you are awake!

Fe Rewrite cach of tho ;ollowlng as a function of © where 0 £ 0< Ig .

g, tan(--"—'-‘—-) % i

T}
(a)‘siﬁ (;'éf) .' 7 _(b) COS(E§1>A : . (c) Sec(]g:)
(@) ese (-TT)  (s) cot (EF) (£) tan -3FF)
(&) cot(-T-)  (n) tan (- 5F) (33 sec(~FF-)

L. What kind of symmetry is present in the graph of an odd function?
5. What kind of symmetry 1s present in thé‘graph of an even function?

6, How many of the six trig functions are even?




seorion 3 © . ADDITION Am SUBTRACTION FORMULAS !
‘It would be nice if for all mmbets 9 and g, cos (o + §) = cos'® + cos ﬁ
However, and note. this well, THE ABOVE IS NOT THE CASE!!l
((:os ¢ St Q‘))

(cos (B +6),
sm(gre)

: T- (Qog'-é}) VS""" ’9> -

T tha above diagren , 5@ ¥ RT. Using this information and the distance

formula ¥we havo:

J(cos(@ + ©) - D2 + (s1a(B + 9) - 0)2 = f (cos # - cos(-0))Z + (s1n § - sin(-9))°
Squaring both sides and expanding the binomials we have: ‘
cos (¢ + O) -2 cos(¢ - O) + 1 + sin (¢ - O) = cos ¢A- 2 cosf cos(-O) * cosz(-e) +
‘ ' sin2¢ - Zsinﬁsin(-O) + sin ( 9),

72005(¢ ¥ Q) + 2= -2cosffcose + Z,Sinﬁcin o+ 2 [Theorem (1)'andv(4i] 3

-2 cos(f + Q)‘f;fZ cos_¢ cos 8 + 2 sin ¢Vsin e [Algebra] _
cos(ff + 8) = cos § cos & - sin @ sin @ [hlgetra ]
THEORE} 10

cos(f + 8) = cos § cos 6 - sin ﬁfsini@ i




—-—

Theoren 10 1s the only theorem that feQﬁires'suéh'é”geémetric proof. The:
other proofs in this section can be dene algebraically.. To prove the theorems

of this section we call3bnupreviqt31y_p:oved.theorems and algebra. o

Samples . Proves cos(f - @) = cos @ cos © +:sin~¢:éin e ~ Theorem 11
Proofs ¥ cqs(¢ - Q)= cos(f + (-8)) Algeb;a. :
’ = cos f cos(-0) - sin [} sin(—Q} »uETqQorEm 104}
= cos § cos 8 + sin g sin @ ETheorems 5s 24}
e . and algebra:
ASSIGNMENT+

Be ahle to prove each .of the following theorens. ‘Henorize the theorems too.

It is important to. memorize them to procede quickly with your work. It is
inportaat to know how to prove them so that you can work things out should your
memory fail, Bl - ' :

1. Theoremllz;l 05?(1% _,@)g;;gin e

2. Theoren 13}-siﬁ(¢7+v9)==-éin g cos 0 + cos ¢ sin @
Hinti sta(f+ 0) = cos(Z - (F+9)

| o =cos((X-§) - 9)

3. Theorem 14+ sin (# - e) = sin § cos @ - cos ﬁ'sih“g

L. Theoren 151 tan (f + 6) = 1téntgn+¢ti2ngg

Hint: tan(f + @) = 1 gg - g%_,

1

"

tan § - tan 6.
1 + tan P tan ©

n
®

Theorem 161 tan(f - 8) =

cot # cot © - 1
cot O + cot @

6, Theorem 171 cot (¢ +0) =

7. Thecrem 181 cot(f - 9) =-2§t“g S?Eoz ;.l

Show your proofs touyou;[tcaqherptq,make:sureitbat you are_doing‘them in
proper form. »%Optionél forﬁTrigo@Ometry Siu@ents. N g
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SECTION ¥ - . SUPELBIENTARY L’IMBER THEORRAS

T‘ue supplementary nunber theorems deal with adaing or ;ubtra.cting a number, @ ),
4o/fron TV . Study the diagrans below aand note’ what hapbens geonetrically.

Tre f

(-X,-j)

Fotioo:  Wotisar T

sin?T+ 93 = - gin 6 _ singﬁ— og = 5in @
cos(if+ ©) = - cos @ cos(r~{8) = —.cqs_Q-p
tan(r + ©) = tan 0 tan([r- 6) = - tan.0

A single example, a diagranm is not a proof. The. above can be prprd‘algebraically
" by using theorens alrcady troved and the facts that sin ¥ = 0 and cos M= -1,

ASSIGNEENT
Prove each of the following thecoremst .

1. Theorem 19: sin(w + @) = - sin ¢
2. Theorem 20: cos{T+ @) = - cos @

. Theorem 21: tan(/T+ @) = tan ©

i

i

sin @

3

k., Theorcm 221 sin(r - 9)
5. Theorem 23: cos({ - ©) = - cos 0
6

. Theorem 24: tan(f- 0) = - tan ©
SECTION 5 ' COMPLEMENTARY NUMBER THEOREMS

~ By using the same algebraic technique as you did. in Section 3, prove the
theorems of this section. Note: sin 2 =1 and cos%{y = 0,

ASSIGNMENT:
Prove each of the following theorcmsx
1 Theoren 25 sin(~' +0) = cos @

2. Theoren 26: cos(%%”* 8) = - sin ©

3. Theoren 271 tan(zg + @) = - cot 8




I, Theorem 28: sin(a - 8) = con Bt

5. Theorem 29; Coé({g -'é)’é:Siﬁbé )
" 4. Theoren 301 tan(gg - Q) =cot ©
SECTION. 6 DOUBLE NUHBER THEOEEES

. In this section we again call on algebra and previously proved theéxeﬁs-io-s
derive theorems for sin 29, cos 20, and tan 26. Prscede at onco to the
assignnent Show your_proofs to your teacher.

fASSIGNKENTx'

. Prove each of the following theorcmsa
‘1. Theorem 311 sin 20 =2 sin i cos 0

2, Theorem 325 cos 20 = cos 9 - sin 2g ‘?'”‘"'7%f”“ & lgﬁi.~

3, Theorem 331 cos 20 =1 - 2 sinZQ

Iy, Theéreﬁ“ﬁhx'COs 20 =2 00329 “ X

* 5. Thooren 351 tan 20 v t"m o  (optional for trigonometry students)
l-rtan g e = g ] :
| smon 7 HALF—-NUHBER TE{BOREHS

This section concerns itself with three final theorems for this L. A P.
They dezl with sin E' COS‘E, and tanizg 2 Procede as you did in the previous

section. Do the proofs and show them to your teacher. ‘It is sufficisnt that
Trigonometry students nemorizé the theorens.

ASSIGH&%E:
.:fProve each of the following theoremsx

. 3 g
Mmtxcal2<2>

"2, Theorem 371 cos 5 =

l]

I
it

- 2 Sinz

RNIE

2
' C o O 1l.- céé'év
® 'Irh s m: 't"\ -_—= P
s TneCEm Jo: 220 2 Srer ~sin @
NOTE: For ezch of thé above thoorems, the cHolce of "+" or "=" will depend

upon the quedrant placenent of e/2. . That sign choice you will have to
nake when you work a particular problen.
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SECTION 8 APPLICATION OF THE TRIG THEOREMS - TN
This sectlon dezls solely with the use of the theorems developed in this L A P,
Do the following assignment carefully., ‘

ASSIGNHENT s

1. Evaluate each cf the following:
(2) Sin(.2- (,) e » (b) cos(3+9_)=-
(c) Sin('[f‘ “g: R T (d) cos J:—TZE- =

(e) ten(T + T ) =

2, If tan © is less tkan 0, and cos © = %, find the value of the six trig

functions of 6., Remenber that sine % cos?0 _'_..l';: .

3.For T| <0 4« 3 and cos € = - %, ‘a.rfd for E‘Cﬁ(—]’r andta.nﬁ- - —% g' »

2
finds’ : wow ' A
(a) sin(e + #) (b) cos(e + g) : (c) sin(e.- #)
(@) cos(e - #) (e) tan(e + g) 7 (£) tan(e - §)
(g) cec(o + ) (r) sec(o + 8) (1) cot(e - #)

h. Find the velue of sin 20, cos 20 and tan 20 for the followings
(a)cosQa%and OA_Q.L.%? . (b)m9=%wdﬁ403ﬁf'-
(c) sin ® =% and §< NS | P (a) cos o -2 and -__35‘2_759'}_‘ zTr

5. Find the velue of sin 3, cos 3, and tan $ for the. following:

(2) cosO*—-%a.nd 3, ¢ < 2T% (b) si1'19’=2 e’.ndTr/.QL—-E‘
‘ | o
(c) cos © = - —2— mdg<O¢W (a) sinof—i-jfand 00y

'6. Derive 2 formula for sin 3@ in terns of sin ©

7. Derive a fornula for cos 30 in terms of cos @

SECTION 9 EVALUATION A

1. Revicw the Behavioral Objectives. HMemorize as many theorems as you can.
2. Proctice deriving the thecrems as indicated in the Behavioral Objectives.
3, Take the Trlal Run for this L.A.P. '

L, Take the test on this L.A.P.




ANSWERS
SECTION 1

3.

)rs . )T @ T, (@B on @On @n
(h) pe QYR @ T (K @mn @ @

SECTION 2 . |
3. G sj_nT_g ; (_‘;D).- 'cos‘-[%-ﬁs 7 (o) - see —g-j; _
() uwndefined; - (e)-cot I - (f) tan -‘_'3[' g
R R (1) sec -
4, origin; [ -y.a‘x;s_, T dao s
SECTION 8 - AL pubsng
¥ (;)E-; _(b)‘,‘E ;{5—} (c)fz——&[é-: ‘

- (d)‘r—z—[}"—*—\/j‘— A (e) » +J3 .

sin’9=-—L5}-"; tan9'=-%; secQ=%-;' cse 0.-=-E; ‘eot '9.:%-‘4‘,
“16 oy 8o ey 2 @R "
OF IR (@) s @g (¢) &
0 £ wHe W% () 2
Bl =7 2l T T 3
OR e T A (v) 5% -5% =5

@ 2E, L, avEy @ )

L5 B TR s NA
(e) J/—% \fjﬂ P ogs g oo
6. sin 36 = 3 sin g -4 sin39

_cos 39 =4 'cosjg - 3 cos ©
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‘MATH ANALYSIS , W.H.I.P. LAP TRIAL RUN

I. COMPLETE BACH OF THE FOLLOWING:

i.};ihzg - : ; 18, sin(m+ 0) =

2, sin (-8) = 19, cos (m+ @) =

3. cos (-0) = B : 20, tan (m+ @) =

4, ten (-0) = , 21, sin (1’-T -9) =
5. csé:.ﬂ(‘__-G)' - L — R dos T-0)=

6. sec (9) = ___ _ mota (-0 -
7. cot (-0) = ' 24, sin (‘-2T 4, Q)i
8. cos (f +6) = il o Ee coé"(%* 9) =
9, cos (f - 0) = 2 zé.tan(§+9)=
10. cos (% -9) =" . 27, sin 20 =

1. sin (f +90) = .28, cos 20 = e 30T
12, sia (f - 0) = | iy ' 29. ‘t;a.‘I_l’29..=

13, ten (g +0) P | 3. sin g =

1%, tan (4 - 0) = ' 31, cos %';

15. sin (m - 9) = 32, tan %’u"

16, cos (m-8) = . 33. csc?o =

17. tan (m-.0) = __ 2 _ 34, 50620 =

-II, Be able to prove any of the adove theorems.

III. Let © be an arc in standard position whose cndpoint is in Quadrant II. bln P = S

$ is an arc in standard position with endpoint in Quadrant III. Tan g = 12
Find: ' : '
1, sin (¢ + @) 2, cos (B +60) 3. tan (g + 9) 4, sin (f - @)
5, cos (§ - o) 6., tan (§ - 9) 7. sin 20 8. cos 26
9. tan 26 10, sin 2 11, cos 2 12, tan 2
2 2 : 2
IV, Complete cach of the following as a function of ©. ‘
1. ton (m + @) . 2, ten (T - 0) 3. cos (g + 0) L, sin (—'g -
5, sin (m+ 9) 6, cos (m+ @) 7. sin (7 - 8) 8. tan (-8)

5. cos (-6)

2._




o f

: o _ -
¥V, ¥Write each of the following as a function of © where 0 é e < 7 :
1. s:’t.ngE R c:os%'Lr 3 sina— b4, sing-‘l
by T T
5. ta-n el F véu Sin 3- 70 -tan - %‘ 8- cOoS %_
.1 ; _ 21
9. sin n 10, cos 3
I, 1. 1 - cos’® 2, - sin © 3. cos © b, - tan @
5, - csc @ 6. sec @ 7. -.cot @ 8. cos § cos®-sinf sin 6
9.'cos¢oo.eso+sin¢sin0 10. sin © 11.51:1¢coa°+oos¢sin9
s S tan P+ T e tax e
12, sin § cos © - cos § sin © 13'__LTL1-tan g llh———Lﬁw-—-l*_m b
150 Sj-n 9 16| - COB e 17. - 't}‘an g :_LB. = Bin o
19. - CO8B 9 20. ta.n 9 21. co8 G 22. Sin 0
23, cot & 24, cos © 25, -s.‘LnO 25 - cot @
27. 2 sin 0 c08 © 28, 00520 - s1n%0 or 1 - 2 s1n%0 or 2 cos® -1
29. 2tan29 fl-cos@ 9w !1-&-0039
1l - tan™®
sin @ 1l - cos € ' 2 -
32 S oos o TR 3351+cot9 %, 1 + tan™®@
II. Sec LAP
L 19 1
III. sil'.\@"%, COSO“"B, ‘ba.n9='-)+, Sj-n¢"""j:§| Cosg"-‘ij,t&nﬁ”"g
55 6 16 6
lo ?5 2' %5 31 -u' 05 5. i 'g:s' 6. v 10
24 5 24 10 yio
IV
1, tan ® 2, cot © 3. - sin © 4, cos © 5, - sin © 6, - cos ©
7. Sin g 8. = tan 9 9. cos g
V. T il T
l1-sinyg 2. - cos Z 3 sin—j 1+.—sinI3{
5. - tarlg 6’. - Sin% 7- = .tang 8¢ - COS%
% s:m%T 10~ - cosg
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