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HATH ANALYSIS--ALALYTIC GEZONRETRY
EQUATICIS AXD TUNGTIONS
BERAVIORAL “DBJBCTITVZES
L. Solve equations of the following types
A, Linear
3, Quacdratic
C. Absolute value
‘e Lxponential
s Greatest Iatezer
. Logarithnic
II, Use basic algebra to solve for a given variable in a standard formula
IIT, Solve inequalities of the following iypes
4, Linear
3, Quadratic
C, Folynonial
D, Absolute value
*E, Prove sone basic inequality theorens
IV, Given a polynonial function f(x), determine
A, The values of x for which f(x) = 0
3, The values of x for which f(x) > 0
Gy The valucs of x for which . £(x) < 0
D, The degrce of the polynonial
B, Whether the function is
1, Bven
2, 0cd
3, Keither
¥, The graph of the function
*7, Describe the graph of a polynomial function f(x) when the function is
givea in general terms such as f(x) = k(x - al)(x - a2) - a3>,
SECTIV T EQUATTIONS

N

This secction

21ls to nind the variuus methods used to solve cquations of

sechyas

n

reader 1

typcse 3y and large, nost techniques uscd arc developed in couscs
Algeora 1 and Alecbra 2. Some cxamples will bc given and thea the
o -aalededa 2idge otheexeredscs carcful attention,
Fxmaolc 1t b lincar eqration. The highest power of thc variadlc
Solve for xt 3x - 15 = é&x 4+ 10
-3x - 15 {Subtrecﬁ €x fro:. voth
~3x = 25 [@dd 15 to tetn s;dgs]
25 P -
s S s il
2
B Avnlysis only
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Exgn-ic 2t The quadratic equation. The highest degree of the variablc is 2.
A quedratic cquation cen be solved in onc of three woyst -
1, Factoring; 2., Complctint the square 3. Using the quadratic
F

or ax2 + bx + ¢c =0

. = -b ia}b - lac

2a

fornula,

2 . - ’
b~ = Lac is celled the
discrininant,

A quadratic equation can have no raal solutions, one rcal solution,
or two rcal solutions.,

If the valuc of the discriminant is < 0, the equation has nc real
solutions, ; '

Solve for xi xZ + LUx - 5=0

A, By factoring: B. By completing the sguoxc:

(x+ 5)(x=-1) =0 %2 4 bx + 4= 540
X = =50r x =1 - (x + 2)2 = 5

ix + 2! = 3
X+ 2 = 3 orx+t 2= -3

= XxX=1 orx= =5

C. By using the quadratic fornula:

= —l#i\lé + 20

P

s

2
_ b +yV36 | 4+ 6
2 2

x=1 or x= =5

Exanyle 31 4n cquation having an absolute valuct

Ay 2x +4 | =0 B. | 3% - 5| ={7x - 2}
2%+ L =4 or 2x + 4 =<4 w; 3 - 5 =7x -2
x=0 or x=~4 “x =3
x = -3/L
ory 3x - 5= =7x + 2
10x = 7

”
|




Exanple &1 Exponcintial and Logs.

Recallt loga = x &b = [ Definition of loz, |
log a + bor b = log ab [;Product'rulo ]
log 2 - log o = log a/b [-Quotient rule J
log ab = Db log a [ Power rule ]
Solve Tor xi
A, zjx—l = gl B, 52x o == )
3%l 26 o 52X = log 7 [ Take the log of both sides)
3x -1= 6 2x lozg 5 = log 7 [ Power rule J
x = 7/3 °
C, log (x + 1) + loz (x - 2) =
log (x + 1)(x - 2) = [Producf rule |
x4 - x =2 =10 (Definition of loz )
x2 - x=-12=0
(x = 4)(x + 3)
x =4k x=-3 [—Reject X = =3 because the cdonein

R

log function is the sct cf

numbers.]

1

Exzrle 5t Greatest Integer.

IIZX - 7B’: 8 The greatest integer that dces nct cxceed
7 is 8,
8€2x-7<«9 Hence, 2x - .7 nust be greater than or cqual
to 8 and 1&ss than 9.
15 € 2x £ 16
7.5 4 x < 8
The ciicrcises cited above give a brxicf overview of some tcchniqucs
the woxlt in ?”crc1sc 1, A4fter roing over the cxamplcs, work carel
) PO )
Zierelsc 1. The nanagencnt wisncs you pood luck end some hours of e
ZXERCTISC 1
e 1 - L ox+2 _x-1
B Alcashdohe —(Zx sl O 2 — = =
2 <0 .
[ ~ L D T T
ey st L) = -2 . 1'% b i



50 |- 5] =[x+ 3| 6. 37 = 27
7o X7+ 7x =12 8.xh+3,<2+2=0
9‘?%2‘"*“"4x+8 10, |2x + 1) = 3x - 1
11, yx - 5=8 | 12, | -2x - 15| = 5
13, XZZ __X-3~3E% 14_-——32% =~23?T
15, 22 + 27 S5 16. 3X=%
17, log 8 = 3 | | 18, 2 - 15
19, 3%+ 2x = b = 0 éo.xfu-x_zuf x28-16
2,/ Vx - 5= 4 o220 3x(x - 6) =0
23; :{2-16=O 24, log (x + 2) ~log (x+1) =1
25, leg (x + 2) + log (x + 1) = log 2 26, lc«ga(:{-B):Z
27 1o 2x + log x = 2 28, 4% = 32
29, [ 22 - 17)= x 30, 2 ¥ - 12
31, 4x3 = 2 - ?x2 32, _32 - 5 = =2 -
. X .
33, log x* =logx - .34 log(x - 3) =2

5. log - log 5= log 7 + log 2x 36, 1og27x = %

Je
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SECTICY 2 TRAZSFCIRLTIUG FORIULLS

In both nathenmatics and scicnce a varicty of formulas arc uscd, At times is
is nccessary to transform a formula to solve for a particular variable,

For cxanples The formula for the volunc of a sphere iss

.

Supposc the volunc is kmown and thc
veluc of thc radius, Sclve for rs

5 S

tosl is to dcterainc 1C

3V
B
JZ -

EXZRCISE 2 For cach of thc following formulas, solve for the indicatcd variable.

1A

Le D= ZL + 2” H " Za ) = n(a’l + C’n> : a
n 2 a

q rzb
3, V== 3 — : h L, I=pzrt; t
v }\
5514.:“(“‘1"*32/; 5 6. F=2C + 32
2 2 5
S T R _ _nE ; -
fe f-—p‘("q,q 890 R+nr H n
e " rL - a
(8] i = . ) = 3
¢, K g s S 10, S =71 i

SECT™".5_3 INEQUALITIZS

Civen ~nv two real numbers a and b, onc of. the following rclations holds

v

0w

a = by a { by or a > bi
To solvc an incquality, procced auch as you would to solve on cquelity. Tac
onc rajor cxceotion is thet nultiplication of both cidecs of an incguality 9y &

ncrative reverses the incquality sign.  ror cxanpler & ST il

arc nultirlicd Yy -2 we have =12 > -1,
E of J



-
When workins with incquaiities kecp in mind the following basic theorens for
real nunbersi

l, a>b&>atc >0+ cC

2

)

>b and ¢> O<&=> ac > be

3, a>» b and c<O(;=>ac<bc;
Lya>b>c =2 a>c
SearhreeHatd>brd>etd
.5.a>b>o and & > 0 & ad > b > cé
“ea>b>c and 4 <€ 0<&= ad ¢« bd < cd

1,1 <

Toa > b= 24T for ab# 03 a> 0; b> 0O

3. a.>b>c<:>-3-;-<%¢% for abc £ 0; a >0; b>0; ¢D O

10 2= 20

11, (a% =4

12 Jalzo0

13, lal =aif 2> 0

1, Jal = -2 if 240

15, f2f<d and >0 -H<add

16, |2f>b and b>0¢ya> b or a< ->

17, |2) =|bla=b ora=-b

18, |a| B |5 l@a® B v 19, ale|ble a® < b7

Stur the 2hove theorems carefully, Possibly check then out with number exanples.

€3]

0..c ~xonpless Solve each for X

ln LI”:: e 3<2X + 8 20 —'lo <L"X '5‘ L“<2
2.0 - 3<K8 Th, 1 ~14 <hx < -2 The 5
‘ ! 4
2x <11 Thi 1 _%<X<% Th, 6
X < 5,5 Py "2



4, X% + 2x < 5

3, bx + 2l <|x - 31
(x + 2)2 < (x - 3)2 Th. 19 XX +2x+1¢ 6 Thi 1
Xt bx v b ¢ x°-6x+9 Algebra (x + 1)2 <6 Algedbra
bx + 4 € -6x+ 9 Th, L |x + 1 < V6 Th, 11
B 5 - Th, 1 e sx+1¢ Ve Th, 15
x & % Th, 2 A5 -1<x4{&~-1 Th 5
B x2 + 2x £ -1 65 x2 + 2x > -1
X2+ 2x +1¢0 Th, 1 X +2¢+1> 0 Th, 1
(x +1)% < 0 Algebra (x+1)2 > 0 Algebra
|« + 1l < o Th, 11 |x+ 1l > 0 Th, 11
- No_sclution Th, 12 True for all x % 1 Th, 13

7. (x+2)(x - 3)(x+1) <0

This exanple is somewhat <if
the examples discussed above,

-

Terent fron
Notice that

wo.are asking for the product of three

numbers to be negative.

That will occur

when an odd nunber of the factors is

negative.

graphically,

Study the graph of the signs of the three factors:

(x + 2) (For x = -2, the factor is O,

i

For x ) -2 the sign of
positive, For x { -2, the sign of the factor is nega

- = - — -0 4 + ¥ + + 4+ L o+ A

i
0
o

The solution can be obtained

he factor is
ive,)

(x + 2)
-2 , ;
- _ - = = = = = = -0 4+ + + +
(x - 3) e :
1Y et e = 0 e ¥ s He b osgmalds
Pty |
Tic sign of the products s T %" B % AT B St e
Honce, the solution sets t
X< =2 gr AL r<LT
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FJBRCISE}O Solvc cach of the following inequalitics for xi

1, 3x+2¢x+5 2.1 -2x< 5x-2
Be 3’{—5'—350 ' by x=1<2x+2¢x+3
5T 0 6. —E— <0
70 11+ 2x) <2 8., |1 - 2xl¢1
9¢ |z~ 3|55 : 10, \3x|> 9
11, { DX | 12, |x-1|>5
130 |x -3l 2 2)x+5) | 1k, 2x21-1>1o
15, {x- Zi(iiﬁﬁx‘ 2. 0 16, x‘(.x —ﬁ)(x+q)§'0
17, (x+ 5)(x - 3)(x2 2 4) > o 18, 4< X2 25
9. Zdi C200 3x + 2)(2x - 3) < (x + 2)2
B, =l % & %35 22, 3x& 2x°
23, ®°> x 2| 3x + 2f<7
25 (x+2)(x-2)(x+8)20 260 (2-x)3+x)(5-x)< 0
27, Ex2;4l<5 ' 28.&32—:_——12-\>0 | -
- x|, . giatg
25, L5-2%cn o B
3l. -1 <& ;Xéév = 32, {x + 5/<2
33 x < |[x| o Bk s5+Vx <9
35, 5= >0 36, 210 ey

X7 - 2x - 15 % 336
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SECTIC. % ”" GRAFHING FUHCTICHS

This s:2tilon incorporates techniques of solving equations, solving inequalities,
findi:. : linits, and plotting points, in order to sketch a rough graph of a

function., Ia earlier work it was important to be able to identify the general
shape of a graph of certain functions. See if you renember:

Katch the following--check it out with a friend.

1 Fix) =2z + 3 A, Parabola

2, £(x) = x2 » 3, V shape

3, £x) = (x - 3%+ 2 g, Tins

By £lx) = —%— D, Hyperbola
= |x\

Be-E(5)

ki

The domzin of a function f£(x) is the set of real numbers x for which the function
is defined. o

The range of a function f(x) is the set of real numbers which are the values of £(x).

An cven function is a function £(x) such that £(x) = £(-x), The graph of an
even function has Y-axis symneiry.

il

An ocd function is a function £{x) such that £(-x) = -f(x). The graph of an

. 0dd function has origin synmetry.

Study =“he grpah belows )
1. The domain of f(x) is (-ces 7) oT
%xz x< 7

2, The range of £(x) is (-eo , co ) or 211
real NULHBCIS. :

3, f(x) = 0.-for x = -3, 0, - 5-
b, £(x) > 0 for =3¢ =z 0 oxr 5 <x<7
5, £(x) < 0 for 0 TXLSor x<-3

6. The line x = 7 is an asymptotc.

_37
f \_/5 T 1)

X7 ‘ n
/// 7 . the left, f(x) tends to

il

~ , hs x tends to 7 from

infinity.

7. This function is ncither even nor odd.

8, The Y-intecrcept of the function is O,
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To graph a function it is useful at tincs tot

1.
2,
3e
4,
5

&,

7o
8.
9.

Identify the domain of the function,

Identify the renge of the function, v

Locate any asymptotes that the graph might have.
Determine whether the function is cdd, cven, or neither,

Locate the zcros of the function, That is, find the valucs of x for which
f(x) = 0, These values of x arc the X-intcrcopts,

Detcrminc thosc velues of x for which f(x) = O, These values of
Y-intercepts.

Decterminc x such that f(x) > 0,

the

5
®]
H
(¢}

Deterninc x such that £(x) <0,
Plot any significant points that you feel axrse necessary.

Exonpl: 1t Graph the function: £(x) = (x - 2)(x + 2)(x + 4)

1, The domain is 21l rcals.
2. The range is 211 reals.
3. The function is neither even nor odd.

4, The zeros of the function are:
2, =2, and -4

5,2 o= sy O 4+ + = 3 o+
| I
e I SO S U
T

B R et o e cE i i sl i < =

[ -y

ki “K 2 f(x) > 0Ofor x> 2o0r -4<x< -2
’ k\ . f(x) <« 0 for x<-4 or -2 <x <2
| \ 6 2(3) = 5 i
\ £(0) =716 '
7, 1im £(x) = 0o ; 1lim £(x) =-co

X7 o X =08
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Exzonle 21 £(x) = ——El_—_
2%~ = 2

- 2 . :
1, Since 2x~ - 2 i3 o dcnominator, 2)(2 = 9 74 0, Eence XZ 7! 1; t“\% 1
The donnin is all real numbers x such that x # + 1.

1
2., 1lin s T3 =00 . As x is just 2 bit morc than 1, 2x2 - 2is 2
x =1 2x7 = 2
a very smell positive numver.
Likewisec; 1lin f(x) = A0 e

x> 1
The lines x = 1 and x = -1 are asynptotecs for £(x).

>, 1in  f(x) = -o0 . Likewise, 1lim  £(x) = - o0 .

- ~ -+
Few § x2? 1 o
i,, The function is cven, Notice, £(x) = f(=x)¢ The graph will havc Y-axis
symmetiry, : '

5, £(x) will never cqual zexo, There arc no X~interce».pts.>_

6. f£(x) will bc greater than zerc as long as 2x% - 2 > 0,

2x° > 23 x> 13 Xx‘) £ X 2

[

or x4 =1,
7, ©{x) will be less than zcro as long as 2}(2 -2 < 0,

2x% € 23 L< 1 |xl e 1< x< 1 -

9, 1in f(x) = 0; 1in f(x) = 0 .
X +oo _ X =co

10, The X=-xis is 2 horizontel asymptote,

11, £(+2) = .23 £{+ %) = by £+ —?—) = 1.1 -
f(i %) ; —96; f(i% ; "'lcl

(Yes; a caleulatox is handy!)

Stus the above information., Try your hand at sketching the grerh of this

func*-ion, 3y the way, what is the range of thc funttion?

THE GPAFY IS OF THEZ NEXT ThGE. SKETCH THE GRAFH ATD THaN TURN THE PAGE TO

1ANAGE ENTY

D
|

TR Y AFOyY jrer SIpMALTa G A
STm IF YOUR SLEZTCH [ATCHEZS THAT OF 1%

C
£



\j

Inianiatol o . “
_1."/.: “C_LSS 2

3s

Se

~1

9e

LY.

o
Nl
v

N
I

KL
i 1

N TN
o (W)
) B
o Nz
Il i

i

Graph es many of the following functions &s you necd in order to feel
like quite an cxpert., Be prepared to answer questions rezarding:

1. Donaing; 2. Renges 3+ Equations of asynptotes: 4, X-intercepts;
5. Y-intercepts; « whether the function is cven, odd, or neither:
7s For what values of x the function is zroater than 0

8. For what values of x the function ig lcss than O,

9s The 1linit of the function as x tends to 2 given number,

10, The velue of the function for a given domain element.
(x = 0)(x + 1)(x + 2) 20 £(x) = x(x"+ 3)
x + 1 (x + 1)(x - 2)
— L, £(x) = -
2 . cme L o2
x~ + Lbx + 3 (Factor) 6y E(x)i= =~ - B
;—%—:—{ C8, £(x) = %0 - 3x
A ~
b v2/ X =2 -
g.& = AL lOp f(X) - - —"l— -
12 _ 12, f(x) 5 xX(x + 1)
2 X =2
L+ x
Lo b, £{%) = %° = 16
<X+2)(X+17 14, f(x\) b.d 16x
x - L 16, £(x) = V4 - %2
logzix! 18:, flz] = log, x f
2% o, 1% =[ SeE “f



il
N

o, Flx) ='ij]} 2, £(x)

O s fome Jal S[_xﬂfor x2 O

!

28, £(x) =

: 26, f(x)
xz for x<1 : .

2. e = ”g{%f;‘{ 28, 85 = 2 \ Q;sin‘x]]\
3
I e

TATH AFNALYSIS OQulY

What are the zeros of this

= — - 9 o TS ;_[ 3
. £(x) = (x = a)(x = 2,)(x aq) for 2y # ey 7 age
function? ‘
1in £(x) = : 1in f(x) =
X3+ 00 - K=
32, f(x) = k(x - al)(x - az) for a, # 2,
For k > 0, lin f(x) = : 1in £(x) =
X I¥oo X -0
For k¥ < 0: lim f£(x) = ; 1in £(x) = =
X 7o XD—ns
TI: A0, TAKE THE TRIAL RUN. TLKE TAE TEST.
ARSUES S
EXSROIST 1
1, o solution 2. 5.5 3 —% L x & —%
b, x = -4, x = =13 S 43 G ‘71;
-7 + Q
. —%—2‘2 8, Mo solution; D —2%-; 10. 23
11, 69 e i e 15, 108 14, Ay
2 2
15 33 16, -3; 0% & 8. 25
-1+ ¥l g
19, = ﬁ ; 20, -12; 21, 21; 22, O; 03

22, + b 24, - %; 25. 0} 265 19
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ANSWERS Cont.

27, 5\1’5’; 285 g; 29, 1; 30, 6; 31, 0, T
32 2 1 330 1; W, 19; 35, 703 36, 3;
S log b, 2,
37, =L. =23 38, Tog 5 39, >3 Lo, 6, 2
EYERCISE 2
» -~ 2L 23 3V I 2h
1e } 2' "—n =g ; 3' H 14’0 H o T H
n 1 P pT 5 h 1
6, Ar=22), 7, — ., g =& 9, —E— 10, 8=
9 ’ P -k ! E-Cr’ ‘g-R 7 L=
EXERCISE 3
1-X<2; 2.x>2; 3.x/\-zi;' L, =3 <x< 1;
2 7 < 3
50x> 2 6. x < by 7o-l12 x£0; 870 £x2 1
9, x> 2 or x £ -8; 10. x >3 or x &£ =33 ll,x}él'orxé_—lo;
. e <. .~ Z Fee fa N
12, x> 6 or x & -4 13, x S ~13 or x > - 3 14, x>§1l or x<-V11
15, 3 &£ x ¢ -lor2 £ x££ 7; 16, x > 30r -4 £ x< 0
17, x £ =5 0r -2 £ x & 2o0rx 2 3 18, =5zl =2 or 2 < xL 53
11 | 11 33
. 2L x LT 0, - < == . x < 22
19, =2 c 2 2 < x B 21, % 2
22, x <_ 0 cr x> %; 23, x > 1 or x< O 2L, No solution,
25, -8 & x £ -2 or x 2 3; 260 x & -3or2 £x &5 27, -3< x < 3
28, x # -1, x # 2; 29.‘35{::{5_3; . 30, x £ 0 or x> 2;
a1, -5 ¢x < g 2, -7 < x <. =3 33. x £ 0;
3, 0 Lx <163 35, x £ -30r 0% x < 5 36, No solution,



Ansvicrs Cont.

-~ 15 -

EXZRCISE 4 3Below are rugh skctches of- the graphs,

i\
1 24 3 ke
/ +. | i'\\.
Al - e
== v; Ir_r -3 N \\\ | &
iy
\,\/ i
o c 6,
/ \ |
| 7 L /‘/
7F % 7 '
/ / \./ \/
4 /
/s f!
-, 8, 9.
|
1 VY
N i / e/
| / A
g !
" = 12, w
j /
| 5 /
— ~
— _'[_ /——— / S
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13. || 4, . 15,
| /
A B VA, —
f ,
, |
16, 17, 18,
| | V
19, 20, 21,
,// NN L
_ — & o3
22, 234 24,
.
. '_\mﬂ* ois ,P__,; = =k R e

>

Ci—=c




= 17
25, 26. 27, * f

ol
e | / | / \\/_;; \/

£ e S L

/
28, 29. 30. l\//
5 O & e [ N .~-_.__. oS l
. ° |
31, The zeros arc 2y 25 and a3. ‘ 1lin f(x) = o<,; lin £f(x) = -

X oo X 7= oo

52; For k > 0 both linits are o2

For &k £ 0, both limits are <



I, Solve each of the following for 21l real numbers X4

X+ 2
2x - 1

e % N
X -2

1,

5; 4x3 = 2X - 7x2

5, log3 x2 = L
7. 5-\mE+z2 =0

9, \3 + bxi = 9

1z,

2

(3x + 1)(2x + 5) = (1 - éx)@ - x)

| Q};+ 1,5U= L

3/2
5% =135

4x1*-39x2+27=o
3/2

8.
>(2x) = 8
\6:_5 = -8

10,

14,

I, Soive cach of the following inequalities

1, x° < 13x
-X
BeT“‘—‘—?-O
X7 - x - 12

. fxr2)(x+ )
-t & =l

>0

7. |3x+ 5| > 2

Tfor 211 real numbers X

ol <
b |2 i bl o3

6. |x -3 elx+2)

8, 5 < 3x + 2 < 17

5 <« 2X + 3 . 1
9. -2 = z z 2 10, 7% = % >0
1. log, x< 3 i logzi x| €3
III. Graphs of functionst
1. For the function, f(x) =\}9 - X% ;> (&) The domain s
(b) The range 1s
N T N ot}
F hel funet i n 50 N === %ljx S
2. For the function, f(x) ]

&) Vertical sy PTONEs FOE, the mepmaaiion CRe LA mes |

(

(b) £(x) > 0 for

(c) £(x) < 0 for

(a) £f(») = 0 for 3



TRIAL RUN CONTINUZD

3, For the function f(x) = (x2 - l)(xz - 2)
(a) f£(x) = 0 for ; (b) £(0) =
(¢) Is the function even, odd, or Beither?

PEESSS———

L‘il For the function, f(x) = %§x+—2]>.§>({x++l%)

(a) Vertical asymptotes are the lines:

(») f£(x) > 0 for

(¢c) 1im . f(x) = (The 1init as x tends to -3 from the right,)
X -3 ’

%5, £(<) = k(x + 2)(x - 3)(x + 8)

(a) For = < 0, 1lin f(x) is

X > oo
(b) For k>0 1in  f(x) =

X3 =co
(¢c) The zeros of f(x) are ; (d) The domain of f£(x) is

6. Review the graphins exercises of the L.A.P.

LSWERS
Is 15 ﬂ H Ze - 23:]_.— H 39 O; "2; %; : LE‘L 2.7 é X4 397
2 2
Y3 .
5 * 93 6. 9 7 _'t‘LPl; 8 + 3 * —%— H 9. 2~z\"35
10. 23 11, 5, - -:%; 12, 10; ' 13, A1l integers x; 14, No =olution.
IT. 1. 0 < x <13 29x>%orx<—%—; 3. x <=3 oF 0 £x <k
— 1
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