ATH A

THE HYPEREOLA

PEHAYIORAL OR

Ic Dafine hypo l‘uc..& as -

4, & locus of roints from
1, Tvo fixed Do-..ta
2n A I}Qlﬂt ana a liﬂe

B, & conic section

II, Identify -

A. Vertices of & hyperhola

B, Foci of & h‘»"‘:??:u:)l..

Cs Transverce axis ot a hypertola

D, Co n"xuﬁ-.i" gxlds of o hy}’:nol.

E, .DL:'_‘E‘ " a hyp -

P, 3
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l.- T

the vertices of the hyperbols
the focl of ithe hyperbsla

28 dlrectrices of the ayperbola
[=3

asymptotes of the hyperbela

N
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Je

Fs Tho sccentyicity: of. the u;f;per’ucla.

Ge T cf its conjugate hyperhola

H,

Ty NGt 2 ) b Y~y T
1V, Deternine the equation

Cf.)(JJ.‘J."l aztes of the ve sxtices and

X - s ® T - ) 5 o - 3 = -
Ve Solve oroblems inv Lving the properties of the hyroerbeola
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bela is the interseciion
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Hypsrpola--Definitisn 21 A hypserbola is the locus of points in a plane such .
that the éifference from two fixed points to any polnt of the losus
is constant, :

Exanple: Write the equation of the hyperbola with foci (5;0) and (~5,0) and
with coastant dlfference 6, .

B

becomes SRR IT;
econess sz PR VQX % 5)? - yZ «

JG-52ws = 6odis 5y

Square both sides and simplify -to

Soluticn: Choose an arbitrary point (x,y) ¢n the curve., Then the equation

. BT
-5% - 9= 3sj(x+>)’+y

Siuare both sides and simplify again to

2 2
X 3
e ne k s
5 5 el

The certer of the ve hyperbols is (0,0). To sketch the graph notice that
.there car bz no Y-intercegts as x can never equal zero, Ia face the smallest
5.8 * > - 0 - ¢ "
posiiive value the ran assuwne is 3. The vertices of the hyperbola axw (3,0
and {~2,0), The curve is synmeirle with respect to the Y-axis, ;
; y o i ; 2
Taking the cquation and solving for y~ we haves
‘ o
2 -1 X
ye o= 10(-§~ - 1)
pm—
¥ o= ok 4l =
Ty

As x Teoconss very large subtracting 1 doesn't make much difference,
It is a little like Rockefellex %o

sing a dollar, Weould he ever notlice?

x aroe asymptotesg ¢f the cuxrve.

On the folloning page the curve is sketched, Study it careifully.
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the cquation

\Qiy"
H

graph g

VV' is called the iransverse axis.

s F(5,0) and F* {(-5,0) are the foel,
- custormerily ealled o,

led a and the gemi-conjugete axls

| =4
0

Zadled Ctlce Vo= &% Following this also notice the

7 hiae;

1 2 hyperbols first locate the center. Then sketch the rectangis as

cabore.  Dray the dlagonalz of the rYectangle and exterd them to sletch $he

otez of the curve, Gontly sketch in the curve,

>

e glven specilal cquation, the curve dofined by the cquation

% . 3 5
il L 1s called iis eonjugate, It uses the szme center and

symptotes but is a vertieal rather that &, hordzontal hypcrbola,
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Exercise 1

1. Graph cach of the following hyperbolus, (a) Detormine the 1ongfh of the
transverss axisy () uw‘ctamd*lo the length of the conjugate- axis; (=)
Find the cocrdinates of the focl, ' i

- : . 2 L2 e -';,2 el
¥adg - %% -gpl b g% ~ -2
' a8 - 3
2 2 . - G
R ﬁ*‘i‘f““l ,  BhgE o Al g
s Hrito the equation of each of the following hyperkolas:

A, Centex at (0,0), fock at (+8,70)s and transverse axis of length 10,

B, denter at (0 ,D), 1c::ngth of transversc axis 10 and conjugate axis 12,
s Creter at (0,0), «squation of asymptotes y = + 4 x, and focus at (4,0);
D. Centor at (0,9), Focus at (8,0} and Vertex at (4,8),

B Center at (0,0}, Vertex at (0,10) and conjugate axis of 1en5*ti;. 8

» Center at (0,0), Focus at (0,10) and conjugate axis of length 8,

For ezch of the following hyperbolas, write the equathn of its eonjizate
¥ Ju -

1 ; : . : : ye 2 ' '{2. .
fe X7 yT =] Be, ov.= Irem.d : Bome= gFarl
STIOY TI RYPERESLA YITH CEWIER (h,k)
slng the center from {0,0) to (h,k) slnply moves sach x componernt h unite arnd
‘es each ¥ componeat k units, The eiadled in anfermmtion *‘orm tacomau
o . \,-—- 5 < 2 .
ol o e Bl —_—
o2 -
b
o e b .
! RSy ..‘ptotw Will contirue to have a slope of &5+ However with center o (h,x)

t 1ines must conteid (k,k), Honce tho equatlons of tha s acynptotes aye

in ths ellipsz; the hyporbal: has o L toraiowcta, The latus rootum iz a
s j“
aeny with endpoints on the curve, cont tasning the foous and perxi ﬂdimﬂ L te

axls., As in tre c¢llipst, tho length of the labum cevton ig Zb /o
ing tho center of tho hywerbols from (0,0) 50 (h,k) doss nok change tho

th cf ihe latus roctun,

-

e
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MEACISE 2 ‘
s Sketeh the graph of cach of the following, Daterming ( (a) the cooxrdinates
of the verticesy (h) The coordinates of the foci;

the asynptotes, {d) The length of the latus rectum,

e = ST SN P

'-..uz : .
-(-‘?—TL—(}P'PG)Z“I : Dc (X‘3)2“5(y+3)2n12

(c) The equations of

d.t'"bu the eguation oZ tho hyperboia

&, Hith esntor (2,3}, {ransverss exis 22unitsy conjugats sxis 4 wndses
. vith transveras axis horizontai,

Ee Asymptotes y = 5y gud y = ~5x + 203 vertox at (3,10).
Co Centor (3,4); Vortex (5,4) 20d Foous (654),

D, Center (3.,4); Vertex (3,8) and Foeus 7).

E, Toe length of

the latus rectum is 4 wnits, Center at (3,3) and containg
the point (O 8 ' : :

Fo Vertices at (-1,4) ana (-1,6) and foei at (-1,3) and -*,7)

Chenge cach of

FRe Y 45 3¢ Kons PRTET CA o v Lty CQEAENGY A BCATT L (N B s
ARG S PO CAPEIAD GONEKL L Y e 5 & RIS
TG T QM UM N N U LA VT ARG ol B RS, TR N

the following cquations into the informational formg
2 e ; e "
e P et g g B,LL;::‘n_;y ~32x + 6r+ 73 =0
FIoW I7T %4
crbola-definition 3; ! 15 the Zocus of roints in & tlane such 4hat
the ratio of * to 2 fined point to the distance to a Tixed
line is some cons e ?1, This ratlo ¢ is calied’ the
eccentricity o -n';he rbﬂb
1y the dizgren bslows : '
X = U"?\
efinition: “’ /
VP y'm ®
¥ =y ‘ /
¥ ooa v
, , S
i
C~8 ¢ a Y /
e W Oy of
&g g g 2 ; s <o
: EEE BEUR OF s can--
2 F
(e ~e)la+e)m(c+e)a - g) G
P 2 :
Ee®a teg-agmac-cgta -ap !
2
2cg = ?a !
&6
g BT e—
&
2
. - - +2
< Ohe Cllipso, the oquation of the diroctrix 45 x =¥ =~ |
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Due to symmetry, the hyperbola has two divectrices, They sre x =+ 2,

fhen the hyperbola has a vertical axis or 1 the center is not at (0,0), dhe See .

necessary aGjustment must be made,

2 2 = _ 2

3 x e b
For —’-'-i wiEgw 1, the cquation of.fhe directrices 1s y = X T »
v @ : , ‘
To £ind the valus of the eccentricitys
V¥
e
c =8
2 = e
alv
B
¢
cle =8 4oy
- e
aC = &
T oele '1%
. - = e
Z{c -3a 7
S{ 2 e
a9
Q?mf’ 'D -
N = _' e crai S
3, Woite the equaticn off the nyperboia with focus ab (4,0}, dlwscimx 2t = = 95-,
K
and sccentyioliy :*;,

2 ¥

5

6“ 2

&

. - r'a 4 r & ‘-' e 3 -

crite tha equation of the hyperbols W 14h focus ;‘Q, [}_l:‘ , cecentyiclty —7
b o Sk il

aud @ivectrix ¥ = 23/vHL,

4nA tho equation of ths hyperbola whose center i3 at { n-:,,-2), the egnation of

the directriz is ¥y = 1, and the ccce nw:iciwy ls i.uo ¥hat are the eguations

am ey . ey
o tho asynptotes

> ' - 3 N
Heite the oquation of the l* yperbela with foci atb («5,0), (5.0,

aacentricity 5 /3

™Mpd the fool, cquations of the gipoctrices, eccentricity, ard equation of
: : N2 2

ot ihe transverse {__L 5 05 whio }'\”’V‘J_bﬁl?‘\, vith mqu:.'tlont _g'{ o= '52 & _(_}:_‘:l_"_ ;\
2 24
Find thoe cquatlen of tho hvertola whose aentor 230k (f},-wl) , the cquation

& : 2 2 i e
of o dircctrix iz x = 5, and tho cccontricity is L/
S /

pev SPRIEET 1 9
-
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The focl of a hy'y*roclc, axo at {0,3) end (0,~3) and the hperbola passes
through the point (0;2), Find the cccontricity and the e’qu_ajbiohs of the
directrices of the hiperbola.

\LYTIC GROMETRY. STODETISs - Revicw e L.A.F, Take the frisl Run and them
toke tho test on this T.A.P, et

] AI"AL YaIS STUDENTS GO OF ‘TO SECTION IV

}

CTION IV, FUN STUFF REVISITED

. in previous L.A.P.fs, this ssctien does not really involve any new cox cepta.
re ve sinply ask you to think a “it more deeply about “he properties of bhe
perbols. (b to it! . : :

. The ecvations of the asymptotes of a hyperbola are x=-2y=0andx+ 2y f" O
The hyperbole. passes through the point (2,0). What is the equation of rthe

¢ Find the eoonti nates of
bypezrkola QA - 4y™ « Q0x -~ 24y + 153 = 0.
, ¥risc the equaticns of the conl ate hyperbolas which shere the asyrpiotes

Ly + '>—° -9 = 0 and bx - 3y = 5= 0, Lot the a nvers axis of one of the

hyperbolas e of len wth €.
., Write the eguation of the hypexbole with foet (=2,4) and {6:4) and the

slope of one asyapbote i.

5o Write tbc oqua,hon of .cach of the following n,‘pcrbclve, " Fote: the directrix
iz not porpendiculax to an exis so0 the cquaticn will not be of the standard

FO3Te

4. Directrix 3x + 4y - 2 = 0, focus (5,5) and cccontricity 2¢
B, Dircctrix 5x ~ 12y = 0, fvcus (.10}, and cccentriciey 3.k,
¢, Directrix Ux 3y + 5 = 0, Foous (0,0}, end cccontricity 4.

6, Find the points of interscction of the hyperbolast
2 )
%% -2y" + x4+ 8 ~8=10 and 3)(2-15»3"“-#33(-\‘—16}?—18"0
», If tho trensvers axls and coniumtd exos are congrucni, tho hyperbola is

s1id to ba oq.;_il‘\,tm\_.,_, Show thot tho sccentriclty of an eguilateral hyperbcla

SHE.
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8 Show that tho product of the distances of eny point on & hyporbola fyom the
agyaptotos 1z a constont,

r

I48 B REVIEY THE L.A.P. 7 TARE 7HBE TRIAL RUN, T4XE THE TREST.

o e TR o o e B et

Byperbtela L.A.P,  Answers

-
k3

EXERCISE X . '
i, &, {2) 83 (v) 63 (e} (5,0}, .- - -« B (a) 20; (%) 243 (c) (13,0).

)

} 8 (b) & f{c) (0,48), D, (a) 185 () 43 (o) (0, +4/53)
B, (a) 203 (1) 2f () (£\28,0), R (a) 18 {v) N5 (e) (1fiD3,0)

2 : o

.n..‘!:ial 3, x?, Vz

&3

Cs {C‘«

¢ -;_552 .ﬁ.}’,?.: | . x?. ;}2 vz xz
N 654:“”1 . 38 o LE tr 1 ‘bsm ""'"g"”’l
2 3 :

¥, _.Sz'.: _igéw i
il a ' B-yz'“gfﬂl C.xzu"%i-sl
EYEROISE 2 i
Lod (=) (6,3) ane (-2,3)1 () (22205 3 (L2 =54, (g2

B (e) (-5,2) ant (-5,48); (8} (5,1 392 (5L =21 @6

¢ o5 ‘/ : = + ', :
G (@) (20-6) and (6-6)1  (B) (4 2VE, 61 (o) LA mxd; (@12

. s . : .'+ 1 . :-.-"-.
Do (2) (35505 -3 () B3+5V6 3 (o) TEL=w = (a) 205




; 1SWOXS continuod ; . =

. (x-@z (y~ 3)? - o AN

b B 5% .'_,.-4)_...3‘ ?.iIES_iL_(X_ly A
- w5 PR AR P )2 - ﬁ e
Crkﬁm -QQQJﬂl ' D. 'h x' =1

: 4(x-3)2 . (y -'3)2 pe
2 O mips g .

L. 3_@93) {x-3) - ,."Fn(}’:.-’3')2‘--~'<-x*;-&-L2

3 i

,A (x§n2_ux+Dzui, B L

2 2 e - 5
o T : Y X :

Thls is & toughy so we shali give nore than just the answer!
“he equation will be of the forms (v + 2)° (z + 2)%

= ]
bz : az

; 2
The equation of a directrix: Yy = -2+ -g—

: g =1 S 7
e : = b 3 = v5/c
) " . | : 3 g . ’3 b2/3
' : . The eccentricity: 1.6 = % 3

. 8b

C = ==

Henco:b=~?‘i- c = %

. .
hen using the fact that a® + b2 w i we £ind that a® = 22464

0?5
= 2 2 5
. : 25(y o+ 2) 825(x + 2)° ~ %
he sclution igy SALt2)° _ ( e s LIz t-==
.0 v clution is 576 D : 4t _A~ymPtoteo X+ 2 39
XZ V2 :
o 5 = T . : 5y Focl; (9,»_’5) and (“3:*5)-

Direciricess X=5080 % w1 E,c(,nn'trici tys \i 3; Axisy y = -5, .
: 2
G2 u(ye1)?
G

IS s 4 7« Ecccntri.city;_g; Dircotrices: y = +

wie

}1 = 2 + 'bz/c.

Aurn e
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EXERCISE &
2 : P
1. ﬁ- - yz w 1 2. Center (5,-3); Axlst y==3; © = éi%

2 2 -
5, & 5 2 . (yl'(; L . o1 dass

L E &

16 9
zp?’(x"’) Sl s w)? =1 |
. 2L 1y

5. ke 25(x = 5)2 + 25(y - 5)% = b(3x + by - 2)°
3, 65252 + 652y - 10)? = b9(5x - 12y)°

Gy 253 + 2558 = 16(bx = 3y + 5)°

6. (1,3); (-2,3), (1,1), and (~2,1)

" | bopx ol dox + 2 xs e b2y2§ (1)
Jo & b5 e - . .
B a? + 1° .

since (x,y) is on the hyperbola it must

: ' ;
1 —F 0 ) satisfy the equations.- _2 2
';\\ ()4 e gl L. GG
s g § 2 2 .

- A

Substitute for x> in (1) and show that the
constant is ; bzad

az o+ bz
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"THE ANATONY OF A HYPERPOLA

/

For G at (0,0), the egvation - : For C at (0, 0). the equation of
of tho abovo ist x° _ ¥~ @l . .. .. .._ the above isi e g
| a%, * e .

CGs Centexr, CF. Sy focal distance.

CV1 = Semi~transversc axls., - CTl = Sémi-conjugafe axis,

The intersecting lincs are asymptotes. The asymptotes have a slope of +

oo

Letus roctumt & chord of the hyperbola which contains the focus and is
e T 4
perpondic ular to the transverse axis,

(a4

: scmi-tIansverse axis :

' & SaNg
£ 7 2{senl-coniugate axis
Longth of latus recitni (s FSAL0E f)

stni transverse axis

R % 2
o scnd~trans, axis
Diroctrices: Horlzontal hypsrbola, center at (0,0)s x = + (sepi~trens, axis)

c
' Lot o iauti)e
Vertical hyperbola: center 2t (0,0)t y = + \S082 L*i“ls° s)
Ivery hyperbola has a de,iinmtg rectangle,
. / isemi- Equation of asymptotes:
5 b8 S rertical . e A
i \‘é’-- ) Centert (€,0): Xis sem{.u\exi_:;c;-zl
i o \”f‘i‘ scni- x  seni-horizontal
A - ~ horizontal
B nc)l...uo"ls.\tj:.l. . L=V oY
L Centerxs (h,A)s == :‘
/)— ' - h  sétmi~hciis,

Conhwote hiporbelas eharo the sane center and the sene asynptotes,
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HATH ANALTSIS--ANALYTIC CEQIiEIRY /,/ﬁYPERBOLA TRIAL Rif

§§§: Vi '
' \\ 4, Bquation of the hyperbolas __ =~

"1, Cooxrdinatew of focls

2. Equations of dlrsctricesi

A L s s P

3 Equeticns of asymptotssi _

/ : ' \ b Bocentrieityr |

///7 == 5. Le gth I laths reﬂtmmz
B, Sketch the ccnjugafe-h&pérbcla.A 1. Coordinates of focis
2. Equations of dixectricess -

3+ Eccentricity: 4, Length of latus rectum:

it

ketch the hyperbola defined by the equation {y - 4) ~ b(x + 1)“ = 36,
A. The length of the transverse axis 1is . B, The length of the
conjugate axis is . C. The eccentricity is ’
D. The equations of the dfrectricoss

B, The equations of the asymptotest
q Y

F, The equatlion of the conjugatefhyperbolax

Find the cosrdinates of the centers of each of'the followi&g hypexrbolasgs

B 2F - “Yg 2 e by = Fwp B, 55° - Lx” + 20y + Bx = s
Co 9% = ly” - 1Bx - 16y + 29 = 0 D 2 syl

Yrite the equation of each of the followinz hyperbolas:

A, Foel at (0,0) and (0,%) and contains the point (12,9).

B. Focus ab {1,-3), directrix ¥ = 2, and eccentricity 3/2.

G. Center at (2,-3), conjugate axis of length 6 and transverse axls of length

27, |

D, Vertlces at (2,0) and (-2,0) and GCCbﬁt“‘Citv V2.

E, Asynptotcs y = 3x + 1 and y = ~3x - 5, Vertex at (-1,4),

F. Length of latus rectums 6; sccentricitys 2; center at (0,0), and trensverss
axls on tho Y-axis, .

Ge Tho locus of points such that the differcnce of the distances from (4,0) and
(—% ¢5fls always 2. -

H, hxes on the coordinate axes and contains tho iQiﬂbS (-3,4) and (5,6).
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