MATH ANALYSIS  INVERSE TRIG FUFCTIONS Suggested Tinet 2 weeks
* TRICONOHETRY ‘ o - - '

Behavioral Objectives

I. Identify the doaain and range of

hAe ¥y = sin x
B, y = Sin x
Ce ¥ = are gin x
Dg y = Arc sin

II. Repea% I for the romaining five tric functions
ITI, Graph each relation discussed in I.and II.
IV, Bvaluate expressions invclving the

A, Converses of t-e trig functions
B, Inverses of the trig funcitions

"V, Solve equations involving the inverses of tne trig anctﬁonu
VI. Using the techniques of composition of functlons

L. BEvaluate expressions involving trig functions and their inverses
B. Solve equations involving trig functions and thelr invVerses
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'SECTION I COKVERSES OF THE TRIC FUNCTIONS

A trig function, like all reletions has a converse. The converse of any functicn
is formed szrvlv o' reversing the conronents of the ordercd pairs of the function.
For example, if the.<rdered pair (1 OS belongs to the sin function, then the ordered
mir (0,m) beloaa: to the converse of the sin funetion. Due to the periodic

cature of the triz functions, none of them, in the true sense of the word, have
inverses. Recall, a fu;cﬁloﬁ has an inversc only under the condition that its
converse is a funo+1ong '

To speak of the converse of the trig functions we use the prefix: arc.

'thesﬁwcmom N COWVERSE FUHCTION. ~ ° - GCONVERSE
y,é“sin x y = ar. sin x. y = sec X . y = arc sec X
¥y = cos x | ¥y = arc cos i - ¥y = csC X ¥ = arc csc X
y o= L;n pd ¥y = arc tan x - § =cotx - y=arc cot x

First consider the gr*ph of y = sin ﬁ; the domzin of the function; the range of

the function: ,
i : A - Domaint (~ea, o)
//ffik\\\\S Ranget [“15 lj
' 2o

* TRIGONOHETRY STUDENTS: Do Scciioné TII, IV, and V only.
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Now, to graph y = arc sin x, merely reverso the conporents of the ordered pairs
of y = sin x, This, of course, interchanges the domain and rznge.

' GRAPH; ¥ = arc sin x

Tomains E_’l 4 IE |
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ASSIGNMENT 1 v i, : - L g

Gﬁfagéi and deternine the domain and rengs of each of the following relations:

li ¥ = arc cos x ... . 2 y=oarctan x_ 3. ¥ = arc sec x
4, ¥ = arc csc x TR ¥ =are cobx | ' '
SECTION IT. EVALUATION OF GKPRESSTONS THVOLVING TRIC CONVERSES

When evaluatifz ws cxpression such as arc cos 4 =6 , we agk the question:
For what values of @ is cos © cqual to $? When obscrving the unit circle we
notice that cos @ = & for 0 = /3 or -m/3. These two solutions are the
Prinary sclutions, ‘

The completc sclution isi @ = 2km + § .
ASSIGMMENT 2 A A
Evaluate each of the followings Give the couplete solution.
3 - - Y3
1. arc sin 0 = i 2. arc sin als 2+ arc sin =
b, arc sin 1 = o 5Earcsin-%:=-——_ \6sa.rcmn%—=
7, arc sin -1 = | 8. arc esc 1 = " By mwesse 1=
| | T

10, arc sec 2 = - 1, arc csc 'k"? 12, are sin 2 =

5 1 .. .
13¢ arc tan -1 = 14, arc cot =— = 15, are cos 0 =
16. arc tan 0 = 17. arc cot 0 = 18, arc sec -2 =

{
N
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SECTION III

INVERSE TRIG FUNCTIONS--CRAPHS

In order to actually considsr &n inverse of a trig function it is necessary to

restrict the domzin of.each trig function.

artitrary,

For the sin function:
S on the word Sin.

The Graph of y =

Wz shall tes the custonary reotrlctlonse

Sin

The rostriction is somewhat

The restricted szn,functlon is noted by using a éapital

For the function y = Sin x, the domain,is '“ﬂ/ZE ﬂ/z

X

The inverse

£ .
g
i 2//51 et

of y =

.the word Arc sin x.

The Graph of y

Sin x is y = Arc sin e

= firc sin X

= b

Anothor comnonly used notation for ¥y = Arc sin x is y =

read Sin invels =z,

Domain: iaigﬁié

, LA
Renge! -z 2}'

- sin™lx, 8

Notice the use of capital A for

e S
in "x is

The nemative 1 exponent is used here in the functional sensc,

- Recall £(x) znd fml(x}@

=1

BEWARE: Sin ~ % #

‘Sin x

Bach of the stendard trig functions nust have its domain restricted befcre
corresponding inverse trig functions can be considered,

the accepted domeln restrictions.

with each function and how it is regtrlcied
Function

r—y =

¥

Sin

i

Cos

Ten

i

= Sec

= Csc

= Cot

7%

X

X

Domain

et
Lo, m ]

( R E

The followin

z are

It is imporiant ﬁh@t you becone very familiar
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"ASSIGNIENT 3

1, Graph each of the Triz functions over io., restricted cionm,inE

2. Determine the rzuge of each of the functions graphed in #1,

3. Graph the inverse of each Trig function, o

%, Determine the domain and range of each of the f‘unctions graphed in #33

SECTION IV, EVALUATION OF EXPRESSIONS INVOLVING TRIG INVERSES

¥hen evaluating expre351ons involving trig mverseag procede as in Sec%ion 1
Here, however, the solution is unique,

WUhen evaluating Arc sin x, Arc tan x, vl asc cse X expressions chooss values
: q . T '
between - =z and =
& 2 a7 P ®

For Arc cos-x, Arc cot x, or Arc sec x choose values
between O and m, - ' '

.‘E’erha,tns a diugran .:ill helyp,
T

Fort y = Sinﬁl}:g ¥ o= Tanﬁlxg
-1
y = Csc "X
Examplest . -
3 i1k N Y
.1 Arc cos 3 = 3 i 2. Sin T =z = =
ASSIGRMENT L ,
- Eveluate each of the followingt
1, Arc sinl = . 2, Arc cos -1 = 3. Are sin -1 =
Iy, Cscwl 2 = 5, Arc cos 0 = | 6. Arc sec 2'-156-— =
7s Cofl 1= 8. -Tahwj’ V3 = 9. Arc sin -{%i =
10, Cos ~ 4= ' 11. Cse™t - V3 = 12, Arc cot O =
13. Tan»l 1= 1k, Tan”j‘ - % = 15, Sécgl ]l o=
16, Arc sin 3 = | 17 hrc cos ~L = 18, LTre cs€ -2 =




COITPOSITION OFRFUﬁCTIONS
cot{ire tan ~1).

SECTION V. -
Consider on exprossion likes
one wishes to find
2 T2
cot(ire ten =1)

must be Dbetween =

So we have:

the cot of the number whose tangeat is -1.

cot ( - E )} ==

To evalumte such an cxpression
That number

because the values of Arc tan are in that range.

1

Consider each of the following examples and then procede to the essigment.

Exanple 1t Evaluate sin™t (cos (Arc esc 2)).

Solutions Sin~t (cos (arc csc 2))

B

Sinél(oos‘ % )

Thust cos © = 4/5

|
USum—

- = Smml .;E—
. 2
= T
2
Braopie 25 Evaluetes Tan ™+ ( tan 2 )
"Solutions 'Tan*l ( ten %z ) = Tan™+ -1
L
m%’ .
Exzmple 3¢ Bvaluate: cos(ire tan %}
e % . 5 I 4T T
Soluticn: Lot Are tan ¢ = 6. for - - £ 08< 3
. S 2 2
Then: Tan(Arc tan z%} = Tan € E’F_ake Teh of both sides
g = Tan @ {?an and Are Ten are inversé%
SO0eoe ZEDe : o
Qur problem hes become cne of determining cos @ when we know
Ten © = 3/k. "% s : .
' 2 2
Recells tan™@ + 1 = sec™®
Henco: 9/16 + 1 = seczg
[25/16 = sec?0 A
5/4 = sec @ ‘Reject -5/b because tan @ is

positive and therefore we
in the first quadrant.

are

Kj‘-\a



 Bxanple 4t Ivalvato: tan &re sin cos Are csc 2

Solutiont té,n Arc sin cos Arc csc 2 = tan Arc sin cos % :

.= tan Arc sin %—

a
fen 3
=J3_

Exanple.5s Evalu_ate’ ces Afc sin g
Solutions Since we don't _koow just where the value of the sin is %;
8 - o = e 8
let © = Arc sin & Thens sin @ = sin(ire sin -§;)

7 5
. : Q =
sin 9.
Our problem has bocome one of finding the cos of © when we know
8 . ] :
e ==
. 8in ) :
sinze + c@sfze =1z hence % + 00752@ =1
e L
cos 8 81
cos 6 = i%?
= v
Hencet cos Arc sin S o 5-%2“
- 9 o
ASSIGNIENT 5 - o aewe T
Ehra,lua.’se each of ‘the follom.ngs ) .
1, sin ( Cos et -l= ) ' ' 24 siﬁ(Arc'cosél)
. .cos{Sing 0) | ' 4, cot (Arc tan :@:
-5, esc(Arc cos -1) - 6, sin( 5(Are sin 1))
7. sec hrc sin % - 8, Arc cos sin %‘[_T
.9, sin arc sin -4 | 10, cot hrc tan \f3.
. B :
12, 2sin2 8n™t & | 13, 1 cos 4 Cos™t.0




14, Aro sin tan Are cos = {F , 15, cos Arc sin %
_ S5 1

18, -cos Arc tan T3 17. sin Arc cos 5
18, tan Arc sin - 4 h 19s sin Arc ten % :

20, cot lArc tan 1° | S ' 2l. sin Arc tan -1

22, 2 sin 2 Arc sin & . 23. kxc sin cos Arc csc 2

24, cos 3 Arc sin & . " 25. Are cos tam Arc sin ‘“=-—§‘-2—-
- SECTION VI. . INVERSE TEIGONOMET?IC EQU%TIONS

o

This f‘im,l swt;cn dezls with equations involving trig inve'rsese "It will be
to epply good aweb and correct irig relationships in oxrder to achieve solutions
for the given equationae Study the examples ‘bei‘i,.ow and procede to the a.ssigzment

Szanple 1¢ !rc tan x = Arc tan £ - Arc tan &

‘ . _ , ' 2 Bémk roon stuff
¥ ' i Let hrc tan % = @
& * i .
after the back roon)  -| Then Take the tzn of
: : both sides sc:
! o ~ = - =
A:Q tan x e = 5 ' < 7 L= tan ©
; i
<& A e E S . “§
an\ire tan %) = 1anié - . L
tan(iz a x) ( g) | Let Arc tan £ = é
’ n e - tan ¢ 5
x = en £ Then % = tan Qf

oy

U\
1+z,an@’ca,n§
i

) 4
&, N .
Xﬁ‘:‘““" —4 ! %
_Lée-i?e-éf _
L ‘

% = —=
£
8
x=- £
o g
Example 2 ¢+ Arc sin £ = Are cos ﬁ s & o Solve for x:
SXERDG < 5 2 >
Solutions Arc sin %{g‘f = % . Connentss EAJ_«C cos r—% =-.-fg ]
X _ . T A L
2 52 % - ET&R@ the sin of both Qldes}
£ -1 7 1°
2 ©3 st g =3
x =1 i@gebm E




CEXEHPLE 58 Dolve Tor %¢

Arc sin x = hzc cos 2% - COW T ke o e g g
© = Arc cos 2x ELet f'\.rc sin x = G} '

cos. @ = B - [ Take c the cos of both f*:/?osj

sin 0 = x _ . [ sinee Arce sin x = 05 toie sin -
5 . (Zx)z i of boih smese N

Esin B + cosoh = 1]
3{2 + ibxz = 1
~‘5X2’ -1 -
P

ASSICRZET <!

Solve ezch of -the follcwing for x

1, 4re cod 2% ="Are sin {g—— . 2, &rc ‘os % = 'Arc sin {g—-‘
"~ 3¢ &re sin x = Arc cos g ' ok igg, 2 Arc cos x4 LAxm csin x = Lre cos -%
5 E&rs sin x = Arc esc 2 6. Arc tan x = Arc tan % + hre tan g
PN ' s -?mi, =
7o cos( Arc sin e } = x 8. cos(2 Lrec sin 5 ) =x
’ o ' 1 i ~e
9. cos{i%c tan =) = x srs v 10, Cos T x.= Zin 1 =
5 : 2
T - . L bl g
A1, 2 Arc cos 2% = B 12. sin(2 Are cos 7?4 ) =x
-1 -, R o a
13 Gos T 3x =8in x| 1k Lrec tan x Arc tan 2x = Arc tan 3
SECTION VIT. . EVALUATION

1. Revic: the .Behaviora.l Objectives
2. Take the Trial fun.
3¢ Take the test,
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vy = Seec x y = Cot xt' 3, vy = Sin *x y = Cos x
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y = Ténaix y= s x y = Sec tx ¥ = Cot Lx.
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The Answer Grape is sorry about these.

wie

2 3
1ax.=%; 2¢ X = 1 Fex = == ; L, x = = 5 % = :
. | . ‘j5. cL 2
41 _[(Ziis 47 - o5
65 X 13 H o X P H 8. x 52 5 9. ‘"m H
2 {2 20 V§ ' 1
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v I (&) Craph; - ('b} State Donmaing (c) state Range
9‘ 1

Qy l;y=Cos”x ' 'Zay“$.&rctanx - ,§Ey=8inx ,
T 4, y=0sex . ¥5, y = arc sin x . *6, y = arc tan x-

(’I’he above are just san;éie graphs, You should be abl® +to graph all
functions and relations discussed in the L.4.P.)

II., Evaluate
1. Arc cos =_%3 2, Arc tan -1 3e »_Singl L
4, Tan™b0 5. sin ¥ o 6os
7 Cos % - B Cos :g | 9. Arc tan - ﬁ
¥10, arc sin -1 - #¥11, arc sec Jz ¥12, arc tan 0
*13, arc sin g : *¥14, arc cse 1 #15. arc tan 1
ITI. Evaluste
1, sin Arc ese -1 2. tan Arc cot -«ﬁ 3« -simAre cos {—?
B, tan Arc sin 1 5. sec Arc cos &+ - 6 'S_ingi cos Cse ™t 2 ,-
7. cos(2 Arc sin 1) 8. sin( % Cos™t 3 9. sin"L tan Gos™t :-"%
10, cot Arc tan 1 11, sin Arc sin % 12, 4rc cos (cos :-Z)
#IV. Solve cach of the Sollowing for x:
1. Arc sin % ~ Arc sin & = x- 2, Gc;z’ 2x = .Sinalx
a - , . =1 <1
3¢ Are cos(2x” - 1) = 2 Arc cos % by Cos ™ 2x - Cos™ x = =

5. Arc tan x + Are tan {1 - x) = 4rc tan %

6, Cos °lxh'+ Tan-lx

]
N3
™~
=
H
[9]
n
M
B

12

8 ‘;in('rc sin 22 + Are sin & ) x
PSR 3 SR T
9. sin( % Lre cos %) = x . 10. 2 Arc cos x + Are sin 2x = 7
T

11 2 Arc cos x + Are sin x = 3

¥ Trig students omit these problems.
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